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Introduction

The projective spaces play a special rdle in topology. The complex
prejective space, for example, is closely related to spaces like
BU,U,MU or BZ/m. Therefore it is not surprising that the stable
homotopy groups of P € are important in the study of many inter-

esting geometric and homotopy theoretic problems.

In this paper we study ni(ch) using as the main tools the
e-invariant of Adams and various transfer maps. The e-invariant
describes the information about nf(x) obtainable using K-theory
and the transfer maps relate wf(PmC) to the stable homotopy of

spheres and allow us to construct elements in nf(ch).

Although the e-invariant was used by Adams with notable success
in the study of im(J) and ni(s°), not much is known about the
e-invariant on other spaces than spheres. The main reason for this
is the following. The computation of im(e) in stable homotopy or
stable cohomotopy in positive dimensions differs from the case of
stable cohomotopy in negative dimensions in a substantial point. In
the latter case, one has the J-homomorphism J: KO-i(X) _-_,n;i+'(x)
which gives all of im(e) and the computation of im(e) reduces to
a purely K-theoretic problem. In the case of stable homotopy or
positive dimensional cohomotopy one still has the restrictions posed
on im(e) by the Adams operations but, in contrast to the case of
negative dimensional stable cohomotopy, these are not strong enough

to describe im(e) completely. In stable homotopy and in positive

dimensional cohomotopy there is a sort of mixing between im(J)- and

coker(J)-phenomena which is not seen by K-theory.
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A better approximation for im(e) 1is obtained by using BP-homo-

logy and its operations. The resulting upper bound for im(e) 1is

1.2n

then the group EXtBP*BP

(BP, ,BP(P_C)) of the BP-Adams spectral
sequence. But even this is not sufficient to compute im(e), be-

cause there are nonzero differentials starting from these groups.

In the case of real projective space a complete determination of
im(e) would imply the solution of the Kervaire-invariant problem.
So one cannot expect an easy calculation of im(e) on the stable
homotopy of a given space, but even from incomplete information on

im(e) one can draw interesting consequences.

The Sl-transfer ] ni(PmC)..,n§+l(S°) relates the stable homo-
topy of the complex projective space to the stable homotopy of
spheres and in particular relates the elements of ﬂ:(PmC) which

can be detected by the e-invariant to elements in n?(So) of Adams

filtration 2 which are at present known only partially.

One of the main advantages of this transfer is that it raises the
degree of the Adams filtration, which is a measure of the complica-
tedness of elements in stable homotopy. This means that t maps less
complicated elements to more complicated elements and because t has
a good geometric interpretation one retains a geometric description

for ‘tlx) +i¥ x had. one.

There is also a transfer t: nf(PmCXPwC) —*wf(PmC) which allows
one to construct and to describe elements in nf(P”C) in geometric
terms . Using these transfers several times one can, in a certain
sense, resolve a part of n°(S°), that is lift to filtration O and
then treat the problem by the methods of rational homology. Of course,

the depth of the filtration must be paid for with the extent of the
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computations; one has to calculate in large polynomial rings.

Another important property of the transfer is its relation to
the J-homomorphism. The usual J-homomorphism can be stabilized
to ‘give a 'map I ws(SO)-—ans(S°) of which the complex analogue

can be completely described by the transfer.

We begin with the computation of the restrictions imposed on the
image of the e-invariant on nf(PQG) by the Adams operation wk.
It turns out that this is closely related to the algebraic K-theory
of finite fields, constructed by Quillen. Let A*(-) denote the
associated homology theory, which has as coefficients the K-groups
of a finite field Fk , then the upper bounds given by the wk
are essentially the groups A (P _C). In chapter | we compute the
order and the number of cyclic summands of these groups and show
how to describe elements in A (P_€) using representation theory.

As a first application we determine the number of summands in the

group J(PnG).

In chapter 2 we introduce tfansfer maps tk: w:(wakH) —+wi(S°),
where PmmkH is the Thom space of k times the Hopf bundle’which
generalize the transfer t: wi(PmC) -—>wf(S°) and deduce some of
their properties. These transfer maps can be represented by stable

. € uik-](chkH) and we show that the representing map Tt

maps T
for the transfer t° lies in the image of the J-homomorphism. We

identify the cofibre spectrum of Tk with a Thom spectrum and

give formulas relating the images of the various tk.

Next we discuss the relation of the transfer to the bistable
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J-homomorphism J': wf(SO) -—9wi(S°). As with the transfer the map
J' has an important geometric description. If one identifies stable
homotopy with reduced framed bordism then J' 1is described as

follows: An element in ni(SO) is given by a triple (M,0,f)
where (M,Q) is a bounding framed manifold and f: M —S50 a map.
Using this map one can twist the given framing ¢ to obtain a new
framing ¢f . Then J'((M,0,f)) is simply (M,¢f) . If J' were
onto then in each positive dimension n one could find a framed
manifold (Mk,¢) which bounded and gave all other elements in

o

ni(s ) by twisting the given framing.

That J' should be onto was conjectured by G.W. Whitehead and is
known to be true at the prime 2. As one of the main results of this
paper, we use the relation between t and J' to show that at odd
primes larger than 3 J' is not surjective. The method of proving
this is to use the cofibre spectrum of the transfer to transform
the computation of t from filtration | on ni(PmC) to filtration
2 on nf(so) into a pure filtration | problem which can then be

treated by means of the e-invariant.

The possibility of computing the transfer t from filtration 1 to
filtration 2 is then used in chapter 4 to find representing framed
manifolds for some of the elements in ﬂf(So). Let p be an odd prime,
In some range of dimensions all elements in the p-component of
nf(s°) can be constructed out of three manifolds: the Hopf bundle
o en;(Pwm) and 2 elements X %, in ﬂf(Pwapr), which can
be described by conditions formulated in rational cohomology. For
example, for X, this reads as follows: X is given by a framed

manifold of dimension 2(p+!) and two complex line bundles

51,52 on M , such that the Kronecker product <c‘(£‘)cl(£2)p,[M]>




is nonzero mod p. Using the Pontrjagin product structure on
ni(PmEXPwm) - which is essentially given by tensor products of
complex line bundles - and the transfer map, the elements o,xo,xl
give all of nﬁ(s°)(p) (ng2 (p=-1)(p2+1)-4) and almost all of
ni(Pmﬁ)(p).
It is even possible to use this method to construct some new

. o] . .
elements 1n nf(s ); we have done this only 1n one case, namely we

have constructed the element Bg for p=3.

In chapter 6 we discuss methods for finding elements in the co-
kernel of e: wf(PmG)—,A*(Pmc). Elements in coker(e) are closely
related to values of the transfer maps mentioned above. If the
e-invariant mapped surjective by onto A (P _€) then all these

transfers would have to map F]ﬂf(PQGkH) to higher filtration in

nf. Every element of ani(s°) which is in the image of some ts
gives rise to an infinite series of elements in coker(e). By the
methods of § 3 we can determine im(ts) in a certain range of

| dimensions and use this to compute im(e) and thereby

nf(PmC)(p) in the same range.

The computation of the e-invariant on wi(PmE) is connected with
the problem of determining the image of the Hurewicz map
£fr U

h 30 l(BZ/m) — an

E G s _](BZ/m) from framed bordism to complex

bordism or K-theory for the classifying space of a finite cyclic
group. The image of hm essentially describes the values which

the a-invariant, an invariant derived from the equivariant signature,
can take on free equivariantly framed 2/m-manifolds. For m a prime,

this is known. We compute as an application the image of hm for

m=p2 and n$0(p).
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In the last chapter we deal with the problem of computing some

James numbers. The James number U(n,k) describes how far away

SZn-l

the projection m: W of the complex Stiefel manifold

—
N K

to the sphere is from having a section. There is a conjecture that
these numbers are determined by K-theory. Using the properties of
the transfer maps and the e-invariant we verify this conjecture

in some cases, precisely we compute U(n+Mk,k) where Mk is the

order of the Hopf bundle in J(P E) ivand  n=l.2. . k=1k=2 " and k+2

k-1
foxr all ks

The numbers U(n,k) are closely related to the values of the

transfer maps tk on Fomf(PkaH). As an application it is shown
that the elements o in the 2-component of n:(So) are in the
image of the transfers t2 and t(_z).

Another application of the computation of U(n,k) is the construction
of infinite families of elements in the matastable homotopy groups

ﬂ2m+2t(U(2m)) of the unitary group.
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§ 1 The algebraic K-groups of P_C

In this chapter we define the e-invariant on wf(PmC) and show how
it is related to the Hurewicz map h: wf(PmC)——;A*(PQC), where A, (X)
is the homology theory defined by the K-theory of a finite field. We
then compute the order and the number of cyclic summands of A*(Pmc)
and show how to describe the elements of A,(P_C). As an application

we determine the number of cyclic summands in the group J(Pnc).
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The e-invariant of a stable map f: g E———+ skx is defined if

= 0 in K-theory and classifies the extension

HRRE U g, E*(cf)-—,k*(st)._,o

induced by the cofibre sequence of ¢ (Cf = cofibre of £f).

In the case of a épace X withtorsion-free homology groups, this
definition can be reformulated using the functional Chern character
(see [2 ]). The Thom-Pontrjagin construction identifies stable homo-
topy wi(X*) with framed bordism Qﬁr(x), and so an element in
ﬂ:(X) may be given by a framed manifold rather thanm by a stable map.
For this situation a third definition is appropriate. The Hurewicz
map h: Qir(X)—ﬂ-Kn(X) can be interpreted directly in terms of framed
manifolds. The following diagram

fr e 4 P TR B fr r fr :
an(X,Q) e . QZn(X.Q/Z) ey an_l(x) —_— an_l(X,Q)

l hQ/z 8

— K _(X;Q) A K (X;Q/2) —— K (X)

defines the functional Hurewicz map hr as a map from the subgroup
£ :

ker(r)nker(h) of an_l(x) into Kzn(X,Q)/(Kzn(x,z)+H2n(x,Q)).

For X with H,(X;Z) torsion-free, the last group can be identified

via the K-theory Kronecker product with the range of the functional

Chern character. A proof that hr is the same as the functional Chern

character and so gives the e-invariant can be found in [21].

Stable operations act trivially on classes in the image of h, so they

give upper bounds for the image of e. The Adams operations wk are not



compatible with Bott periodicity and so not stable. To get a stable
‘ 2 k : A
operation from the Adams operation ¥ , one has to introduce coefficients

R, in which k 1is invertible. The stable operation

wﬁ: Kn(X;R)~—a-Kn(X;R)

is then defined for even values of n by wgm= k_?wk and for n odd

: : Wos : k
via suspension. Because of the stablility of the operations wn’ they

induce operations in the K-homology groups, also denoted by wﬁ.

Immediately from the definition of the Hurewicz map one sees that
(wﬁ-l) vanishes on im (h: nz(x)-a K (X)) . so the subgroups
ker(wﬁ—l)c Kn(X;Q/Z)(p) for k#O(p) constitute upper bounds for the
p-component of im(e) in dimension n. Our principal tool for calculating
these upper bounds is the algebraic K-theory introduced by Quillen:
Seymour [36] has constructed a multiplicative cohomology theory

Ad" (X) (a a prime , 1/a€R, RcQ) which fits into the exact sequence
a R

k

— adl (), —5 a®tle

& ¢a-1 i :
£ (EiR) S-S (ey 3 o4 2

X)g — (1.1)

Ad:(X) is based on vector bundles invariant under the Adams opera-

tion wa.

In the following we choose a fixed odd prime p and a prime number k
generating the group of units (z/pzzf‘. We set R = 2(p) , the integers
localised at p, and denote AdZ(X)R simply by Adn(X). The coefficient

groups Adn(*) are computed directly from (1.1) using

0 if t#0(p-1)
1+vp(t)if t=0(p-1)

to s 152
Vp(k 1) { ( )

where vp(n) is the power of p in n (see [ 1]).

To the cohomology theory Ad™ there correspond a homology theory Ad,
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and connected versions, denoted by A" and A, . The groups A° are
isomorphic to the higher algebraic K-groups for the finite field F
constructed by Quillen [32]. For p = 2 it is possible to choose a

better A, see [36].

The Hurewicz map h: wi(x*)-a.Kn(x) factorizes through An(X), but

also the e-invariant is determined by hA: wf(X)-—»A.(X).

Lemma: 1.3: Let ‘H (X;Z(p)) be torsion-free, then the p-component of
the e-invariant on the torsion subgroup of “;n-l(x) is

: ; s
determined by the Hurewicz map hA’ "2n—1(x)"—’A2n—1(X)'

Proof: We have a commuting diagram of Bockstein sequences

—»ﬂzn(X;Q) ——aw;n(X;Zp”) Lot ";n-l(X;z(p)) i caf wgn_l(X;Q)—>

% e\ h \

Y
. . 'y
e —>Ad2n(X,_Q) = _,AdZn(x,zp.,) S EN _>Ad2n_l(x) BN 9

T ¢ )

i
K2n(X;Q) E— KZn(X;zp“’) ME R K](X;T(p)) LR

which shows, that hr = i_th/iB-l factorizes through
Adzn(x;zpw)/lm Adzn(X;Q) = ker(rA) and is thus determined by hAd;

clearly hAd factories through hA'

Because of (1.3) we will also use the name e-invariant for the map

s i

A first upper bound for im(e) on "in—l(ch)(p) is thus given

by the group Azn_](PmC). Let Gp(n) denote the sum of the coefficients

in the p-adic representation of the number n.




Proposition 1.43 Let n = tip-1)+s  with 0<s< p=1," then the

order of in_l(PwC) is pa, where

)
L}
I o1t

a4 vp(i) + (ap(n)-S)/(p-l)

Proof: We first calculate Ad (Pn C)

Z2n—1 =7

we choose the elements bi (i20) dual to (L—l)leKo(Pn

). As-ia basis.iof K (P
O in=t

_]C), where L
is the universal line bundle. Via the Kronecker product the operation

wi induces a dual operation c(wi) in K-homology:

<y, epix) >: o= < W5y ,x >

for: Akl yGKo(wa). It is easy to see that cwh = (wz)—]. To calculate

kernel or cokernel of wgn—l we can therefore equally well use

. i .
c(vy )-1. Using vS(x) = @f-1) = ((x+D¥-1)*, one sees that
cvzn-l is given by an upper triangular matrix B with respect to the

basgag b sius Db The diagonal entries are k1™™-1 . The deter-

1
minant of B gives the order of coker(B) = Ad2n-l(Pn—lC)' By LTF:2)

n-1"°

we have
[r:_";
P13
v (det B) = 1+v (1 g
p( ) iz ( p( ))
The group A2n—l(ch) is defined as the image of AdZn-](Pn—lc)
in AdZn-l(PnC) and is therefore isomorphic to
Ad2n-1(Pn—lc)/lm(a:AZn(an;Pn-lc) > Adg S (P 1 8))
205 =0
Because of Adzn(PnG,Pn_]C) = Adzn(S ) = 2(p) we only need to calcu

late the image of Adzn(PnC) —>Ad2n(PnC;Pn_lc). For this we need
Adzn(PnC). The multiplication map of P C makes the groups Adﬂ(PwC),

A,(P_C) and K, (P_€) into Pontrjagin rings.

Lemma 1.5: The nth—power o:f b1 in the Pontrjagin product generates




Ad, (Po€) = Ay (PoC) = 2

RS . e k o en n T, 3
Proof.‘cwo(b]) = (cwob]) =k b,, so b, eker(clb2n 1) .= Adzn(PmC).
The Chern character maps the eigenspace of cwg for the eigenvalue

k™ in Ky(P_C3Q) bijectively onto Hzn(PmC;Q) . So every element

in ker(cwz-l) is a rational multiple of b?. An elementary calculation

gives b? as a linear combination of the elements bt

n
by = kzl k!S(n,k)b, (1.6)

where

k .
S(n,k) = (1/k1) J (-1)**I%y;m
.al 2 |
. 3
is a Stirling number of the second kind. Since S(n,1) =1 , there is

n
1

n

no element z in Ko(PmC) with “b.z ='b 1

and: be? - and b#xl and b

must generate Adzn(PwC)'

We now can finish the proof of (1.4):

: . B ont«
Since S(n,n) 1, we have b1 n! bn+ «.... and because Adzn(PnC,Pn C)

-1

is generated by the image of bn’ the map Adzn(an)-+Ad2n(Pn¢,Pn C)

=1
is multiplication by n! . Im 3 is therefore isomorphic to 2/n!Z

and the number of elements in KZn_l(Pmc) is p? where

:
a = i§]l+\)P(1) - vp(n!)

Applying the well known formula for vp(n!) gives then (1.4).

Remarks:

1. For low values of n, one can use the theory of elementary divisors
to calculate the structure of coker c(wgn—l) , Which is
Adzn_l(PnC). The exact sequence of (PnC,Pn_]C).then shows, that

(PmC) is the tosion subgroup of Ad —I(Pnc)'

A2n-1 2n

2. To calculate in Azn_](PmC) one thinks of A2n—1(PwC) as



Adzn(PnC;Q/Z)/lm Ad, (P _€;Q) (The group Adzn(PnC;Q/Z) is the
kit . e

kernel of c¥ -k on Ko(PnC,Q/Z) and im Ad, (P_C3;Q) = b,-Q/Z )

that is, one calculates in ker(cwg—kn)czKo(PnC;Q/l) modulo

bi-Q/Z .

To describe elements in A n_](Pwﬂ:) explicitly and to avoid the

2

theory of elementary divisors, we study the natural map

W3 A ](BZ/pr) —5 A C) . For fixed n and sufficiently high

2n- Zn—l(Pw

value of r m, becomes surjective. This is also true for nf as
shown in [21]. The same proof applies for A,. There is a description
of KI(BZ/pr) which leads to an easy computation of
k r Y ¥ Ko "
% - 22
ker(cwzn_] 1) Adzn_l(BZ/p ). This i1s done 1in [ J, we summarize

here results from [22], which we shall need.

r
Let R(Z/pr) = Z[p]/(pp -1) denote the representation ring of

r

2/p- , where p is a primitive one-dimensional complex representation.

In [45] and [22] it is shown that KI(BZ/pr) is isomorphic to

R(Z/pf)e Z/pw , where R(z/pf) is the quotient of R(Z/p®) by the

ideal given by the regular representation of z/pt
. . '—k n Sopl
We define the element x(i,k) to be p - Z s -p where the sum

r-i

is taken over:-all 8 , | € g € p (i€x) with  s*% 0(p).

Lemma 1.6 ([22]): Kazn_](Bz/pr) is isomorphic to

=i

G} z/pr-1+vr(n) and the ith-summand is generated

by X(i,r—i+vp(n))

For the rest of this section we identify the groups

K, (Bzp"), K_(B2/p";0/2) and R(z2/pT) @ 2/p".
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The map w*:Ko(BZ/pr;Q/Z)A_a Ko(PmC;Q/Z) can be calculated as
follows: we choose p, so that 7*(L) = p. If we write

xe ki, k)) = P-k zjagl)bj we have

aJSl)/pk = < 7 (L-1)J, x(i,k) > , where <,> 1is the Kronecker

product between K°(X) and KO(X ;Q/Z) with values in Q/Z .

For X =BG this s calculated in [22]. One has

C A

: 1/p - if A=k
<@r-1), 0 */p%> = {

0 if i#k

By the binomial theorem

¢ i § J ;
agl)/pk » ( ')'('l)”m' n™/pk (1.2}
J 1
o b
l<m¢p
m #o(p)
This formula shows that the element &%, zix(i,k-in) is mapped
onto p—k~b? in Ko(PwC;Q/Z). To compute Azn_](BZ/pr) it is only

necessary to find out which linear combinations of x(i,]j)

(ivo, jsr+\%(n)-i are in

(Zn*lb & Adzn—l«BZ/g)(zn)» = Azn_](BZ/pr) .

im (Ad, _,(B2/p")

The next proposition allows one to calculate Azn_l(BZ/pr).

Proposition 1.8: Let w = Z dfx(i,ji) be an element of
120

Adzn_](Bz/pr) S Adzn(BZ/pr;Q/Z) and
T, (w) = zjcj.bj it's image in Adzn(PmC;Q/z)

Then w €A

2n_l(BZ/pr) i 559 for. Jra

n
Proof: If we Adzn(BZ/pr;Q/Z) has w,(w) = ) cyb,, then
j=o

Ty (w) € Adzn(PnC;Q/Z). We will show that m,(w) lies in the image




2
of Adzn((Bz/prf n);Q/Z)->Ad2n(Pn¢;Q/Z). The sphere bundle of

r
LP — P € is the (2n+1)-skeleton of B2/p®. We look at the

r
Gysin sequence of LP in RK-homology with Q/Z-coefficients:

r
X - = P
0 — KO(S(Lp );Q/z)31> KO(PnC;Q/Z) fﬁf_,)KO(an;Q/z) RS (1.9)

r Y T
'TF*(Lp )= 1 implies ®*(e(LP )) = #*(1-LP Y= o0 dnd ‘so
r r
T, (KB ) noe(LP ) = % (hitn) s B Cai? ) = 0. vhere ks Ad, (P _€;Q/z)
—9Ko(PnC;Q/Z) is the canonical map. Thus by exactness of (1:29)

;e
there is an element z e KO(S(Lp );0/Z) with T, (z) = km, (w). The

2n+1
exact sequence of the pair ((Bz/pr)(zn)JBz/Pr)( e )) shows thar

(2n) (2n+1)

: fe Ko((BZ/pr) /T oy Ko((Bz/pr) ;Q/Z) 1is isomorphic. By

k

the injectivity of j, and T, we have c(wo-kn)j:l(z) = 0, because this

is true for k(w).

(2n) (2n)

‘ =1 ‘ ;
Hence j, (z)e 1m(Ad2n((BZ/pr) 3Q/2) —» Ko((BZ/pr) ;Q/2) ),
Because k and T, Adzn(Bz/pr,Q/Z) M Adzn(Pmc;Q/Z) are injective
it follows by naturality, that

(2n)

we im(Ad, ((B2/p") ;Q/Z) — Ad, (Bz/p";Q/2))

which means w e im(Azn(BZ/pr;Q/z) -aAdzn(BZ/pr;Q/i)).

Remarks:
1. By (1.7) the conditions c =0 for r>n can be expressed
explicitly as

(1) : &
zi (ar .di)/p 8 € Z(p)

for ir>n:

Example: pm3caldnl) = (p3+2§p6)/3 has n,_(x(1,1)) = (b,-b,+b.)/3
SRBUp e * T4 R

in AS(PmC) = Z/3 and gives the first torsion element

in A,(P_c)
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2. Whereas the elements bn and so Zi x(i,k=%n) have skeleton
filtration 2n, the individual elements x(i,k) are not closely
related to filtration. Modulo the summand generated by

; : T
Ya Zi x(1,r+vp(n) in) the group A2n—](BZ/P ) becomes

stationary as a function of r if r>r _, namely

x -~
Bon-1 (BR/p Whegop = Ayl (2 €)
The Adams operations $™ of K*(PQC;Z/pm) with m #0(p) induce
operations in Ad,(P_C€;Q/Z), because they commute with wk. To see
that the use of these Y™ cannot improve the upper bound for im(e)

given by A, (P_C€), we show

Lemma l1.lo: Let m#o(p), then Cw? acts on Azn_](Pmm)

as multiplication by m".

Proof: By surjectivity of v : Azn_l(BZ/pr)-—» Azn_](PmC), r large,
the above statement follows from the corresponding statement for
A*(BZ/pr) and because Azn_](BZ/pr) is a subgroup of
Adzn_l(BZ/pr) from that for Adzn_l(BZ/pr) .. The effeéct of- ¢ _on

elements of Ad2n_](BZ/pr)c Kl(Bz/pr) is. calculated "in [22]

To determine the number of cyclic summands in Azn_](Pwm) we

require some preparation. We set a(n) = number of cyclic summands

in Azn_](Pmﬁ). Multiplication by p on the H-space P C induces

asmap . om e

p Lilla. (ABGFyas L (B €).

Lemma 1.11: For X, = T (X (i) e Adzn(PmC;Q/Z) we have

mp*(xi) = xi_l(lvl) and mp*(xo) = o0



....]]_

1

Proof: The natural projection pr: Z/pk—a Z/pk_ induces a map

Bpr ¢ Bz/pk—--->BZ/pkm1 which fits into a commuting diagram

gifp i1 . px

g b

BZ/pk-] AL SF P_C

The map Bpry: K](Bz/pk) —>K1(BZ/pk—l) is calculated in [22],
We have Bpr*(pl) « 9. 1if -i:¢ ofp) "sand Bpr*(plp) = pt , which
immediately gives Bpr,(x(i,1)) = x(i-1,1). Using the diagram above

it follows mp*(xi) = x

The idea in computing the number of summands is to find the maxi-

mal value of i for which Bxi can be in A2n—1(PwC)'

Lemma 1.12: The number of cyclic summands in A2n—l(PwC) is

max {il B(Xi) Yies in im(Azn_l(PmC)-a Adzn_l(PmC))f= a(n)

Proof: Let U (resp.U') be the subgroup of elements of order p in

Kzn_](PmC) (resp. in Kzn(PmC;Q/Z) . The kernel of B'U' is Z/p-xo,

so a(n) = dimz/pU = dimz/pU'-l . We know that every element in
A2n_](P,C) is a linear combination of the elements f(r(x(i,j)) (i»o),
so every element in U' is a sum of X, (iy»o) . Let e be the maximal
index of an X appearing in a linear combination for an element in
e
' = =
U’ ,isay ¥y Zm=o a X, s ae#o . We can assume a_ 1 . Clearly

a+l € e+1 . By (1.11) we have mpe*(y) X, 80 X2 & Ulis,

M e-g (y) = a,_1X,*x; , 80 Xx,¢ U' . Inductively :it follows that

P

a - o . . 3
] 1 E >
e s 0 . L3 .- . o Wlth *

mpr,(i) oy, R DA G the X se+.5 X, are linear independent and

we have e+lza+l .
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Remark:

In general that is for elements not of order p it may happen that
the maximal value of i for which x(i,j) appears in an element

y € A2nfl(ch) is greater than the number of summands: For example

y = x(1,2)+x(2,1) ¢ Ad]3(BZ/3) is in Al3(BZ/9) and w, (y)

1t

generates A13(PwC) z/9 (p=3), but n*(x(Z,l))f A13(Pm¢)

max {i|B(x;)e A, (P €)} is by (1.7)
(1)
J

Determining a(n)
equivalent to finding the maximal i satisfying a is divisible

byip EoL % 3on.

Theorem 1.13: Let p be an odd prime. The number of cyclic summands

in A2n-l(Pmc) is given by

n+l
log =7
log p
where i n = t(p=1)+s " and " o<s<p=l
p=1 N
Proof: The element xr is the image of z i.pJp /p under the

j o
map Adzn(BZ/pr+l;Q/2) ey Adzq(PmC;Q/Z). Let
. (r) ; (r) ; . : o
R zm a .bm/p with a defined as in (1.7). The first m with

;r) is m=pr . We set q=pr+] then

non vanishing a

w*(L-—l)q = n*(Lq—l) mod p and w*(LY) 1 implies ™ (L-1)" is

divisible by p for maq, so

a;r) = < o*¥(L-1)", x(xr,1) > = 0o if m>q
and we are left with aér) with pr<m<pr+1

Let Z akpk be the p-adic expansion of m. By the formula for the
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mod p value of (i) we have
(r) el my .n Jj+m P % j+m
) ( r.YJ'(‘l) = 'z i 3= mod p
393 9] j=1
Let n=t(p-1)+s with o<s £p-1, then jn = jS mod p because

o -8 = jS(jt'(p-l)_])

-3 is divisible by p if j #o0(p), so

p—1..8a
a;r)= O 2 MY (jr).j?(—1)5+ar = (—1)ar+?ar!.8(s,ar)
j=1

where S(a,b) is a Stirling number of the second kind. We have

(r) z
2n =o(p) iff S(s,a,) = o(p). Now S(a,a) = 1 and S(a,b) = o

for b>a implies a o(p) - for my(s+1)p’. We fix s with

2 (1)

m

ots¢p-1 and consider now only such n satisfying n=s mod(p-1) .

The above calculations show X € Adzn(PnC;Q/Z) 1if n»(s+l)pr-l
L3 . r—

and x_ e Adzn(PnC,Q/Z) for n<(s+l)p -1. So for all n

(with n=s(p-1)) satisfying (s+])prsn+1<(s+1)pr+] we have

max | i|xie Adzn(PnC;Q/Z) =1 = a(n).

The function log is monotonic, so

+1 1

(s+1)}p% en+l ¢ (s+1)p" & log ((s+1)p") ¢ log (n+l)¢log ((s+1)}p"" )

log nel
& T s+1 r+1
log p
n+l
= r=[1°8 5¥1
log p

where {x] denotes the greatest integer not exceeding x.

Another application of (1.11) is the following lemma which allows

us to calculate the order of an element X ¢€ Azn_](PwC) given as




a rational linear combination of the elements b- in K (PoC3Q/2)
1 07

in a simple way.

Lemma 1.14: Let z be an element in Adzn(PnC;Q/z)cKo(PQC;Q/I) with

order not exceeding P . Let mP:PmG g 5, 30 be Lﬁe
map defined by multiplication with p in the H-space
structure of P_C€. Then the order of

mp*(z) in Adzn(Pmm;Q/z) is exactly the order of

B(z) in A (B 03 .

n

Proof: The kernel of the Bockstein map consists of multiples of b]

So we can write z as a linear combination of elements coming frem

Ad, (B2/p*;Q/2), say
s}
z =er cfx(r,kr) + a'bl

with pqa=o « Then by (1.11): we have mp*(z) = Z cfx(r—l,k;) be-
r=1

’

cause n¥ASD=€%ﬁ.The order of mﬁ(z) 15 thas the order of z—a-b?

which is the order of B8(z). !

IF oatie Adzn(PmC;Q/Z) 1sigiven 3§ x

i R :
z aib] KO(PwC,Q/l) then

the order of B(x)" is easy to calculate because mﬁ(b§) = p*b?

and then there are usually very few terms left.

7

L 2 : 3 S £
Example: p=3 . The element =z = 4-b]/27 + b1/9 is in ker(yp -k’)

By (1.14) B(z) has order 9. Direct calculation gives

N
0
i

: A7 7
= 9(b3+5b4+b5+3b7) mod b1

w,(x(1,2) + x(2,1))

This also allows one to work out the module structure of A (R L)
(e o]

PropoEition  1.15¢ Let denote the generator of A (%)

U.t ZL(p—])'l \
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. ne : |
then the order of b1 a, in A2t(p-l)+2n~l(ch)

is max | 1+vp(t)—n,o} :

Proof: The order of e, is p1+vp(t) and the order of

’

B(b?/p]+v(t)) follows from (1.14).
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The number of cyclic summands in J(Pnc)

There is a close connection between the groups Ad*(X) and: J(X).
the group of stable vector bundles on X under the relation of stable

fibre homotopy equivalence.

Adams [ 1] has defined a group J"(X) which serves as an upper
bound for J(X). By the solution of the Adams conjecture J"(X) is
actually J(X). Stated only for the p-primary part (p odd) J"(X)(p)
is the quotient of KO(X) by the subgroup generated by the elements
(¢k-])(x) for k¢o(p) and x ¢ KO(X). By definition of Adl(x) we
get surjective map from im(j: ﬁo(x)-—+Adl(x)) onto J"(X)

(p)

Lemma 1.15: For an odd prime p Xa](PnC) = J(PnC)(p)

Proof: The exact sequence (l1.1) shows

1 9 :
vp(lAd (PnC)I) -i£]1+vp(1)

whereas the results of [ 5] (Lemma 5.2) imply
m
1 : : b n
vp(IJ(PnC)I) -i£]l+vp(1) with m [5:3]

As preparation we need.

Lemma !.16: Let n = t(p-1)+s with o<s<p-2, then

Ad](PnC) x adl(p c)

t{p-1)

Proof: The map induced by inclusion is surjective. Because the
determinant of (¢k—1) does not change if n is altered to n-s,

Adl(PnC) and Adl(P €C) must have the same order.

#{p=1)
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Theorem 1.17: The number of cyclic summands in J(PnC)(p) is

given by F%%EigilzJ

Proof: The theory of elementary divisors shows that

% ‘ L3
Ad21+l(PnC)® 2/p is the cokernel of Ko(PnG)Q 2/p e K°(Pnc)(&2/p

2i+1

Therefore Ad (an)® zZ/p = Ad2J+l

(p_c)®z/p if k! = kJ mod p
which can be seen as a remnant of Bott periodicity. Let n = t(p-1),

1+2n

then k™1 = o(p), so Adl(PnC)8>Z/p = Ad (Pnc)<82/p. The Kronecker

product:  <;>: KO(PnC)® Ko(PnC;Q/Z)-4 Q/z induces a pairing

2m+1
1: Ad (an)x Adzm(PnC;Q/l) — Q/z

2m+1

by 1(x,y) = <x,k(y)> where j(X) = x and j:sz(an)—» Ad (PnC)

and k¢ Adzm(PnC;Q/Z)->K2m(PnC;Q/Z) are the natural maps. The

2m+1

pairing 1 induces a map 1: Adzm(Pnc;Q/Z)-—oHom(Ad (an);Q/Z) z

Because Hom(-,Q/2) 1is exact and the map
Ko(PnC;Q/z)->Hom(K°(PnC).Q/Z)

corresponding to 1 is an isomorphism, tﬂe 5-Lemma implies that 1
is bijective. So the number of summands in Adl(PnC) and
Adzn_l(PnC;Q/Z) are the same. By (1.13) it follows that there
are [log (t(p-l)+l)/1og.p] summands in A2t(p-l)-l(ch)' In
Adzn_](an;Q/z) there is one additional summand ker B , so the
number of summands in Kﬁl(PnC) is [1og(t(p—l)+l)/10g p]. It 48
easy to see, that for o¢sg<p-2 [log(t(p-1)+1+s)/log p] =

[log(t(p-1)+1)/log p] , so the theorem is proved.

Remark:

In [37) an upper bound is given for the number of cyclic summands
in J(Pznc)(p) to be [log n/log p]+1 and for p=2 it is proved, that

the number of summands in J(Pznc)(z) is [1og(2n)/log 2]
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§ 2 Transfer maps

In this chapter we dicuss the transfer maps

~

k
s kH)

; o
g B e s

oy % (8T

and establish some of their proper:ties. These transfer maps can

be induced by stable maps e ";](ankﬂ)- We show that <t° is

in the image of the J-homomorphism J:K—Z(ch)—ﬁ n;‘(PwC+) and

describe the connection between transfer maps and generalized

J-homomorphisms. We identify the cofibre spectrum of rk with a

Thom spectrum and give a formula relating the images of the

(=1

3 k . e
various it . We close with a description of t

in terms of t°
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The S]—transfer establishes a close connection between
"i(PwC+) and ﬂf(s°) +In particular; the part of “f(PmC)
detected by the e—-invariant is related to elements in Wf(So)

coming from the Extz’*—term of the BP-Adams spectral sequence.
The simplest definition of the S]-transfer

fr

PN e T
n ® n+1

is by identifying Qir(PmC) with the bordism group of equivariantly
framed free sl-manifolds Qiil(sl;free) and then defining t° as the
forgetful map to framed bordism..Or more explicitly:

: ‘ fr : < 5
Given an element [M, ¢,f] in Qn (P_€) , by pulling the universal
S]—bundle back via f we get an induced Sl—bundle (M, T,M) over M.

The tangent bundle of M splits as a direct sum of m*TM and T, ,
j‘

the tangent bundle along the fibres. Let H denote the Hopf bundle
over P_C, then TF% 1 is isomorphic to f*7"U and thus canoni-
cally trivialized. We can frame TM by putting the framings of

W*¢ and TF together to get a framed manifold (ﬁ,a). Different
splittings of TM do not alter the bordism class of (ﬁ,$) and we

define toiM,¢,f] = [ﬁ,%] .

We first recall what is known about t° (see ETSESE L 2Ih a5 R
Let (o n;(PmG+) denote the element defined by the Hopf bundle
3 2

w——

S S“. Then it is well kunown, that

nf(PwC)/tcr z 7[o]

under the Pontrjagin product. A computation of emt(on) can be

found in {26J,L35]. Using this and the fact that t’ raises the

degree in the filtration associated to the BP-Adams spectral sequence




w4

by 1, it follows that the elements y constructed by Adams
in Wf(so)(z) are not in the image of t°. Similarly it follows
: i S o : 3
( %
that the gengrator of 1m(J)(2) in ﬂ8n-l‘S )(2) is not in the

image of t® (see also [7 ]). For the odd primes we have

im(J) € im(t°) .

Denote by U the infinite unitary group. Then we have an S-—-map

J': U—>8° defined as the image of the identity in (u,ul = :

(u)
under the J-homomorphism J: K_](U) ——+HZ(U). The map induced by
J' in stable homotopy is called the bistable J-homomorphism. Let

w be the complex reflection map

- slAan+ U ar1) (2.1)

defined as follows: To the pair "(A,x) € SlAan we associate the

unitary map A which is the identity on the orthogonal complement of

the linie x in Cn+] defined by x and maps v in x to A:v. The
o 1 + o

transfer t can be represented by a S-map - 200 APwC-——e S

see [23] or the discussion below, then t° is related to J' as

follows:

Theorem 2.2: Up to a minus sign weJ' is homotopic to 7

We first sate some corollaries of (2.2).

Corollary 2.3: The following diagram commutes

S + S (¢]
"n(ch ) ——— 7 (5 )

e (2.4)
=

()

s
Th+1l

This solves a problem posed in [26].

Now w¢: K—I(U)-——a K-I(SPwC+) = ﬁ-z(Pm€+) maps idu onto the
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element +B(H) where B: E-Z(X) ¢ R(X) is Bott periodicity

and H the Hopf line bundle over P _C. Therefore we have:

Corollary 2.5: Under the J-homomorphism J: K-Z(Pmc)_» n;I(P”C+)
the element corresponding to the Hopf line bundle
is mapped onto the element T which represents t°

as an S-map.

Remark:
If w: M5 M iv a Principal Sl-bundle and E a generalized multi-
plicative cohomology theory, we have a transfer map
1

t s El(ﬁ)—» El—l(M) with transfer index t"(l)e B

” (M) ..k ds

then clear how (2.5) can be used to determine t“(l).

All maps in the diagram (2.4) can be interpreted geometrically.
The description of J' is as follows: An element in n:(U) = 5§r(U)
is a triple (M,$,f) with [M,0] =0 and f: M—U a map. Then
J'([M,¢,f]) = [M,¢f] where ¢f is the new framing of M got by
twisting the framing ¢ by £ (that is, we compose ¢ by the auto-
morphism of the trivial bundle over M defined by f£f). Starting with
an element [M,0,f] €er(ch) we get under t° the manifold M,
which is the total space of the S]-bundle defined by f., The other

1

way around we arrive at the manifold S'xM. Now the twist is not

in the manifold but in the framing.

My original proof for (2.2) was by looking directly at the con-
struction of an S-map for «t, observing that t is homotopic to a
map which is in the image of the J-~homomorphism
J: K-Z(an) — n;l(PnC+) and then comparing e-invariants, It seems

nicer to see an explicit framed bordism between M and MxSl o Thas

is done in [41], where also a simpler proof of (2.2) is given. For




-22-

a proof of (2.2) we therefore refer

to [ &ﬂ. A simple proof of

(2.2)can also deduced from the results of [10].

We now come to the generalization of the Sl—transfer. Suppose

given an n-dimensional manifold M and a map f: M->P € defining

a complex line bundle £ over M. Suppose further that there is given

an isomorphism ¢ of the stable normal bundle v of M with the k-fold

Whitney sum of £

triple (M,0,f) defines an element

classes can be so described. Here we write ch

n
of a bundle o and because of X("Q‘R

(ke 2). By the Thom-Pontrjagin construction the

@ _ckH)

in Qﬁr and all bordism
® for the Thom space

= ghyo we are allowed to

consider Thom spaces of virtual bundles (e.g.ﬁ = H-1),

As in the case k=o

the total space M of the Sl-principal bundle

F

of £ has a canonical framing: We have TH & fTMGTF and T_ = «" (&)

is canonically framed. The isomorphism ¢ allows us to identify

m™TM with -k copies of
defines a framing ¢k of M. As in

that [ﬁ,ﬁk] is well defined up to

defined
tk' er(P CkH)
n o
Remark:

As in the case k=0 one can describe

7*(£). Putting these isomorphisms together

the case k=0 one easily checks

framed bordism. So we have

fr

! (2.6)

tk as a forgetful map from

equivariant bordism to bordism. Instead of considering equivariantly

framed free S]-manifolds , one has to use free Sl-manifolds, where

the stable normal bundle is equivariantly isomorphic to the representa-

tion k:(C,p), where (€,p) denotes

The homomorphisms tk

finite skeletons. The way how to do

€ with the standard Sl-action.

can be induced by stable maps at least on

this is essentially in [ 8]




and now well known. Therefore we only sketch it. Suppose given a
map f: X —»> Y between compact C -manifolds. Approximate f by

a smooth embedding f]: X —R"%Y with normal bundle v . The Thom-
Pontrjagin construction defines then a map

o v-m+£* (a) (2.7)

Ta(fl): Y — X

for every virtual bundle a over Y . Applied to the projection map

T S2n+l Pnc and a=0 this yields an S-map
sl e o " i 10
% - - : s 2n+1,\ + 0.7
which upon composing with the projection pr: (S )~—> S induces

the transfer t°. Applied to m with a = k‘H this gives a stable map

Tk: SIAP:H o S g (2.8)
which represents tX. The details for a proof are in [ 8].
The main consequence of this description of the transfer tk is
the possibility of working out the cofibre of rk and so embedding
tk in an exact sequence.

Theorem 2.9: The cofibre of tX is the Thom space Pmc(k'l)H .

that is

X -~ . ' a k
P c(k 1)83 = 32 SZP ckH X 1
n+l n

is .a cofibre sequence.

Proof: The Thom Pontrjagin construction provides us with the maps

P (k-1)H 2. kil
Tl e e — s°P_C

o= (k=D and_ T (w1 sPp ¢ __, (s )R

(a = kH) where i: PnC —’Pn+lc is the inclusion. The naturality
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properties of the construction T (see[8 ]) imply that the composi-

tion Ta(w)oTa(i) factorizes over
c(k-l)H

—_— (*)2

n+2+(k—1)ﬁ 2 2n+2 .
T () P, S where g:x—»P _,C
is the inclusion (because iom is constant). So

pro T _(MT (i) = TkoTa(i) must be null homotopic, where

pr: (52n+1 ) W s gt denotes the projection.
Let Ck be the cofibre of Tk . Because tkau(i)::O we get a map
f: San+lC(k-l)E___, Ck and a commutative diagram
fiirve NH H
gt et g e R IR e SR
n ' n+l n
! i i ‘
|
| | E ”
L len T 1 : 3 k
P C o ol — 5 §7AP_C s

The corresponding diagram in homology has exact rows, because Ta(i)
is Poincaré-dual to the inclusion. So f. is an isomorphism by the
5-Lemma and f must be an S-homotopy-equivalence. The map induced

1
by Ta(i) we denote by j .

So for example we have embedded t° in the following exact sequence:

-~ . ! ]

s -H, 13 s + t s o (N s -1
wn(Poc JJo S nn_z(PQC Yo wn_l(s ) '——*"n-l(ch ) —> {2.10)

Remark:

The map j! induced by Ta(i) can be interpreted geometrically as

fr kH

. ) be given. We can from the

follows: Let (M,f,0)e n (ch
submanifold NcM dual to cl(f*H) which then has (k+1)+f” (H)

!
as stable normal bundle and defines j'[M,f,¢]. In bordism theory

this is usually called the Smith homomorphism.
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The main application of (2.9) is to the computation of tk on

elements in wz(PkaH) which are detected by the e-invariant,
see § 3 and § 4.
The generalization of (2.2) and (2.3) to the case of tk will be

discussed in § 7.

As next we discuss the relation of tk to transfer maps of sphere

bundles.

Given a m-dimensional vector bundle V and virtual bundles W,A on
a space X we have the following cofibre sequence (see e.g.[ls])

where S(V) 1is the sphere bundle of V

* *
SR L L SO SRR o S T L TR (2.11)

Applying the Thom Pontrjagin construction to the map S(V) > X
we get the transfer map of the sphere bundle S(V) with coefficients
in A (V=v-m):

A+m n* (A-V)

T,(n): X SRER SR T VL

Letting W=A-V we have the boundary map of the cofibre sequence

A+m r(A-V)

3: X gl g i

Lemma 2.12: The stable maps 3 and TA(n) are homotopic up to sign.

Proof: Both constructions can be made fibrewise 1i.e, in the category
of fibre bundles over X. One proves Ta(w) = +9 1in case where X is a
point directly, being careful that all constructions are compatible
with the structure groups of the fibre bundles involved. The proof

is finished by passing to the associated fibre bundles and maps and

proceeding as in [46].
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The identification of the Thom space PrCmH with the stunted pro-
jective space Pr+mC/Pm-lc is induced by the map
D(er) 3 SZr+le‘D(Cm) B S2r+l+2mlsl
A
defined by [x,y] —_— [y,(l-||y||27-x]
If we identify PnCrH with a stunted projective space, we can

write the usual cofibre sequence of j: Pn+rC/Pr-2C Ll B Pn+rC/Pr_IC

as follows:

P c(r-l)H 1 PnCrH 3 S!\#r-l)H

n+l (2.13)

The map M(i): Pnc(r'l)ﬂ_é P c(r-1H

S induced by the inclusion

followed by j is easily seen to be homotopic to the natural map
an(r-l)H__, PncrH appearing in (2.11) for X=Pn¢. We therefore

get a commutative diagram

Sean H -1)H
Pn+l€(r ]S N P g o8 glfE=
: i i
IM(i) ”
Pnc(r—l)H PnCrH TN SIAS(H)(r-I)H

By (2.12) we can use instead of arH the transfer map of S(H)—a-PnC,

so we have proved:

. %l

Proposition 2.14: For k»o the transfer map e*: S Pnc q—+ g?
is stably homotopic to the boundary map in the

cofibre sequence of stunted projective spaces

in (245133

Let M be a multiple of the order of J(Hn) in J(P“C), then we

have a relative Thom isomorphism
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Jotors & * A+M-H
p: n*(p B e e g )

for each cohomology theory h, which is a module theory over n:

By choosing h= {Pn+l€A,-} we see that ¢ can be represented by

a stable map
C —> P € (2.15)

!
By 45 1o of [8] ¢ commutes with the maps j° of (2.9) giving a

commutative diagram of cofibre sequences

v
Pn+la:(r-l)H 3 P mrH T sk*(r 1)H
de T B B H
' TR ~  r+MH :
an(r 1)H+MH .]__m_> anrH+M°H T Sl\¢r 1)H

The commutativity of the square B shows

4 .
Proposition 2.16: ¢(rr) = F MH, that is on Pnc the transfer maps

are perodic with period |J(H

n+1)

Remark:
If M is only a multiple of J(Hn) such that M'J(Hn+])¢0, then

the square corresponding to B need not be commutative.

The H-space structure of P_€ allows us to relate various trans-

fer maps tk. Let

un’m: PanPmC — Pn+mC

be the restriction of the H-space multiplication. This can ex-
plicitly defined by interpreting point in Pnc as complex polynomials
of degree n (up to a nonzero factor) and then using polynomial

multiplication. We apply the Hopf construction to the map
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1 e

: SsznC-» Pn+lc to get maps S3nPnC —> S]APn € . These maps

H +1

l,n
are compatible with the inclusions between projective spaces, so we

get induced maps

3

S c/P C URE

1
»PnC/PmC —» S APn el

4

or written as a stable map in terms of Thom spaces of virtual
bundles (k3yo0):

s PSCkH e Psm(k+')“ (2.18)

Let [P,€] denote the fundamental class of P.C in H,(P_C;2).
Because the Pontrjagin multiplication in homology is given by

4 a3
[p;e]- [ c] = |- j[Pi+jc]

| we see that the degree of w on the bottom cell is k+1 and k+s+] on

the top cell.

Because w commutes with inclusions we have a commutative diagram

sH ] s#l)H
Pr+lm — ng
A ~
BT ! w
| ;
SZP C(s—l)H_~ - R SZP GSH
) o i 3

where the maps j are defined by natural maps
Pr+l+s¢/Ps—lc _— Pr+l+sC/Psc as tu {2:13).

By (2.14) we extend this square to a diagram of cofibre sequences

getting:

. p s+l
P CsH ] S%\PrE(S+I)H i - 5 1

(-2 54.9)
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where f(s) denotes a map of degree s .

Thus we have proved for s » o:

Theorem 2.20: Let r be fixed. Then there exist stable maps

Tp Mgy Glarill
b : 5

for each s eZ, such

\
|

Proof: To settle the case s<o we apply periodicity (2.16) of
Tk and use ® , ‘the map w conjugated with the Thom isomorphisms
(2.15). We then get tS+k w = (s+M)ts where M is a multiple of

IJ(Hr)I. But if we take M large enough then (s+M)t°= st® because

s X sy A -1 Sﬁ
£ is an S-map of finite order 1n s (PrC Yox
Corollary 2.21:: 8. im (E7) e in (tS+I)

For later use we consider the case k=-1.

2
We denote o e S xPn_IG =5 an by g .
Stably we have Szv\ Pn_lq: o SZ,\ (anvSO)anG and we
. 2 P 2 + : ;
define f: S A(Pncvs ) — (S xan) by the inclusion.
Theorem 2.22: The sequence of maps
¢ R e £ e 2 TR D

~fr = T r r X 5 . r

Qn (PwC ) = Qn_z(PmG)——» Qn (s xPnC) —- Qn (PmG) e Qn+l

is up to a minus sign the transfer t(—l).

This means in terms of framed manifolds: For a given element

7 = [M,f,ﬁ]é.ﬁir(PmC—H) we can form the submanifold

Nn-Z dual to c](f*H). The isomorphisms Vv (N,M) = f°H and ¢ put
a framing ¢] on N . We take Ssz with the product framing and

the sphere bundle of HBE*(H) as an Sl—bundle over S2xN with
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the induced framing. Then t(-l)(z) = - [ S(Hﬁf*(H),w*¢] ].

Proof of (2.22): We start with the commutative diagram of

Sl—bundles

Rl

S(H&H) ——> S(H)

l l

s, p W AN
n—1 n

Because transfer maps are natural for induced bundles we get a

commuting square of transfer maps

s (nan) R ety
Tt,, '[ 6
2 . oy .
(s "Pn—lc) M

Composing with the projections pr: o 87 e get pre-t, ot Y

Now the sphere bundle SUﬁ&}H i5. the same. as - S{2H) . and we

have the commuting square

S(H'® H) - S(2H)

! !

sszn_ e ek SO

The use of S(H8H) instead of S(H%H) gives only a change in

orientation and so causes a minus sign.

By naturality of the construction Ta we arrive at a commuting

diagram
s(ueu) R - Uk s M
4
1‘@ - toy
($%xp . 0) D) 5205 gusO)
n n-1
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We see that D(q) 1s the map f defined by stable inclusion

{observe that: 2H on S(ZH) 1s trivial).

The natural map PnC—ZH——+ an—2H+2H= an+ appearing in
(2.11) . can be.fTactored as
P €_2H Sp C—2H+H “_E+ p ¢+
n n n

so we have the commutative diagram A below. Because these natural

maps together with the corresponding transfers fit into cofibre

sequences (2.12) we get a map h relating ty and ton'

e - t 2
P C e iy P C b R o Ry TR
|
| A n LB
3 £ %
P @ 2H e €+ 2H- S]LS(ZH) 2H
n n
The transfers ty and t are related by the commutative diagram

!
(iuj!= h 1is easily seen by looking at the construction of j ):

P C waha L B —_— S],\S(H)—
f g T
! ]
~H ! 5 H
P C L SR P _,€ ——> Sax
So “ilie M g LR K oeief? 1f 11 ¢t £ it
o i 21 oy icd’ - we compose a ransfers with
the appropriate projections XA — %A and use the fact that
+ : + . . + +
t on P ¢ restricbkbsiito P C via 1i: P C —P C we
2H n n-1 n=1 n

have found

If we put together, we get



Remarks:

(2.22) means that the stable map : lies ‘almost im: the 1m(3):
more precisely by (2.5) we have ngim(J), therefore (uef) %2 im(J)

where (uof) 1°¢ n;3(Pm€+).

-](Pmc'“) the element (u—f)'TO

1 =%
Under the map 3'1"53(Pw¢*) e B S

i 1
gives T ; by (2.23), but at odd primes j° is an isomorphism.

Let p be an odd prime and n -2+ 5mod. 2 (p=19).

i

Then the maps of (2.22) are onto modulo torsion (qux is multi-
plication by o€ Qgr(PmG) and for j! see proof of 7.35). Because
im{J)<€ am (to) we have: im(t—l) contains elements with maximal

e-invariant.
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§ 3 The Whitehead conjecture

The J-homomorphism g vn(SO) ——>ﬂ§ can be factored through

the so-called bistable J-homomorphism J':wi(SO) _—>w§ o i e
conjecture of G.V. Whitehead is that this map is onto in positive
dimensions. For the 2-primary component J' is known to be surjective,
The complex analogue of J'is closely related to the transfer map

t%: ﬂ:(PwC) ——»w:+1(S°); in particular they have the same image.
Using the cofibre sequence of the representing S-map t for t°

we construct a map f: S"P.C —s MU/SO which allows us to compare,.
t° with the boundary map of the cofibre sequence

SY LMy S aNussY gt By this procedure the problem of com-
puting t from filtration | to filtration 2 is lifted to a pure
filtration 1 problem, which can be treated by means of the e-invari-

ant. This then allows one to find a counterexample to the conjec-

ture of Whitehead for primes larger than three.
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The usual stable J-homomorphism J: wn(SO)-—a ﬂi(So) is induced

by a map
B0 08w a(sY)

Its adjoint J' is a stable map which induces the bistable J homo-
morphism

J': w3(s0) —— wi(s°)
G.W. Whitehead conjectured that J' is surjective for n>o. The
reflection map PyR -—> 0 followed by a fixied reflection defines
a map Py R _i¢ SO and the composition J'-i, 1is a surjection onto
the 2-primary part by the Kahn-Priddy theorem. So J' is onto for
the prime 2. In this chapter we shall prove that J' is not onto fof

the odd primes larger than 3.

For the odd primary components we can equally well use the com-

plex analogue of J'

gL S ; s o
Ips mEiU) — w3(s°)

This is the same as the map mentioned in § 2, where its geometric
interpretation in terms of twisting framings was also given. By
(2.4) we already know im(to)cim(Jﬁ). Besides the relation between
t° and J° given by the complex reflection map w, there is onother
one: Let Fsl be the limit of the spaces Fsl(Sn) of Sl-equi-

variant selfmaps of sheres with free S]-action. In [7] Becker and

Schultz constructed a weak homotopy equivalence
Az
Fsl

Now because unitary maps are s]-equivariant we get a forgetful map

e: U —— F

gl

iy ousl e ety . (3.1)

= Q(SIAPmm+) (3.2)
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Let ©' be the adjoint map of O. Using the results of [ 7] it is

easy to prove that the following diagram commutes up to a minus

sign:

Se,ch) e® PR ¢ (3.5

now T e :
9' =
e

p. e

"n+l(U)
Remark:

Another approach to the map 0' via relative Euler class and differ-
ence class in equivariant stable homotopy is given by M.C. Crabb
in [lO ], where also a proof for the commutativity of (3.3) can be

found.

By (3.3) and (2.4) we have

Proposition 3.4: im(Jﬁ) = im(t°)

On the stable homotopy groups of a space X there exists a filtra-
tion

ni(x) = F%> Fla an i aFk

associated to the Adams spectral sequence for any reasonable homo-
logy theory [ 3]. Here we shallalways take the filtration belonging
to the BP- or MU-Adams spectral sequence. If it should be neces-
sary to distinguish between skeleton filtration and Adams spectral

sequence filtration, we shall call the latter Adams filtration.

This filtration is a good measure for the complexity of elements
in stable homotopy. If the space X has torsion-free homology, the
elements of Adams filtration O can be detected by rational homology.

The same is true for filtration | using K-theory (see (3.7) below).
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On the known part of wf the behaviour of Adams filtration is
known. Up to some exceptions at the prime 2 the image of the

J-homomorphism gives all of filtration 1. In the case p¥2 FI/F2

2

is a direct summand and F° is called cok (J). There exist infinite

families of elements in coker (J) e.g. the Bt and € families in

F2 (p>3) and the yt-familie in F3 (p>5). Besides these families

1 v
only very few indecomposable elements (e.g.e ,A ,u,¢,Ks and Xs,

l<s<p-3) are known, Up to now only an upper bound for FZ/F3 is

¥*
known, namely the Extz’ -term of the BP-Adams spectral sequence

[29].

The bistable J-homomorphism and the transfer maps t5 have the
property that they raise the degree in the Adams filtration by

at least 1 . This is a simple consequence of the vanishing of the

1 kH

complex cobordism groups MU%(U) and MU~ (P.C" ") and the multi-

plicative properties of the filtration (see e.g.[23]). SoaE

2.8
xe F ﬂn"'l

< o s - +
(So) is in the image of to, it must come from Flw:(PmC Y
Because t° is an ﬂ:(So)-module map the lowest dimensional element

in cok (t°) must be indecomposable.

The knowledge of the cofibre of the transfer map t5 allows us

to compute

~

R sH 255 o
’: TR Y ¥ o085

modulo higher filtration.
Let £°: P_C — BU be the classifying map of the vector bundle
s H and £°: Pmﬁsn——> MU the induced map of Thom spaces. We map

the cofibre sequence of t® into the cofibre sequence

0. h

L MR (Y 1 | (3.5%)

where h is the Hurewicz map and MU is the relative Thom spectrum



MU/S° classifying bordism of stably almost complex manifolds

with framed boundaries. We get the following commuting diagram:

el - o Xanal 3l e e Y e g (3.6)
| e +

K : '

SO h 3 MU - B ij 3 e S]

llere £° is the map induced by f and idso .

Now the stable homotopy of the lower sequence is the well known

bordism sequence

S ;a0 g Ui, e o
Trn(S ) v R Q k) ik ¥ agis)
U
Because QZn-l = 0 the boundary map
2 s - o
3z W, _JMD) "L 9, ,(87)

is bijective, so we have described t° by £°. The point is now
that 3 also raises filtration by 1 in the Adams spectral sequence,
simply by definition of this filtration. Thus elements in anf(s°)
must come from ans(ﬁﬁ) under 3 and we have feduced the problem

of computing

H 28

¥ s B R L58%)

*

s s S
i T [ n*(PmC

to a problem in filtration 1 .

To use the K-theory e-invariant instead of the bordism e-invariant

we need the following lemma:




..36..

Lemma 3.7: Let X be a space with torsion-free homology then
the K-theory e-invariant is injective on
F]IE(X)/FZNE(X), where the filtration is associated

to the MU-Adams spectral sequence.

Proof: This is a well known consequence of the Hattori-Stong-theorem.
Under the assumption of torsion-free homology the bordism spectral
sequence collapses for the space XaM(Q/2), vhere M(Q/Z) is a

Moore space for Q/2. This implies that the Hurewicz map

u: 92 (x;0/2) K, (X, MU;Q/2)

is monomorphic. But py maps the image of framed bordism into the
subgroup K,(X;0/Z). So on the subgroup of sherical classes in
QH(X;Q/Z) the natural map. QE(X;Q/Z)--% K. (X;€/2) 1is injective.
This immediately gives the conclusion.

Because the spectra MU and P CSH have torsion-free homology

we can apply (3.7) in these cases. Thus we have proved:

Theorem 3.8:  Let 'x (mesH If e(ff(x)) in

ems
2n-1

Y o)

oy e . S . "
A2n+](MU) 18 zero, ‘then : t~ {x) 18 in

2+2(p-1)_ s o
F wzn(S )(p)'

Remark:

Because Pyt IND) i, nf(So) factorizes through 15 (BP) we

can use BP instead of MU in (3.8).

For later use we reformulate this:

1.5 sH s .

. * 0
Corollary 3.9: Let =x€F "2n-|(PmC )(p) and:- e L (x) in
A 3 2
'A2n+l(BP) then t5(x) # 0 in F*m

s

o
2n(S

)(p)
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We apply this now to the case of the element Bp+1 in
2 . o
m S >3).
F 2q ¢ )(p) (p>3)

Set n = (p-l)'«p+l)2-l)—] . From (1.4) we get
vJKZn_I(PwC)I = p+3

and from (1.13) that Azn_l(Pmm) has two summands.
An easy calculation with (1.7) shows that the second summand
must have order p and is generated by

2 2
x (P w2580 h oy yp

Ty (X(2,1))
so

&so (PE) - 2/pP*20 2/p (3.10)

The proof of the following two propositions is defered to § 6.

Proposition 3.11: The generator of the 2/pp+2-summand in

Ay 1 (Pe€)  (n = (p=1)((p+1)%-1)-1) is not

in the image of the e-invariant.

Proposition 3.12: f(:)(im(e)) = 0 in A2n+](§?)

Remark:
We shall actually construct the elements in im(e) in § 4, so

im(e) = 2/pp+l® 2/p - for p»3 .

A » corollary of (3.12), (3.11), (3.8) and (3.4) we find

Theorem 3.13: For p»5 the element is not in the image

of the bistable J-homomorphism.

Remarks:
1. The formulas decribing f, are of the same type for all odd

primes, so that the behaviour of t° on im(e) seems to be
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the same for all odd primes. But for p=3 it is known that the
element 64 does not exist.

2. For a counterexample for p=3 one needs more information about
the existence of the Bi elements. It is known that

B

8],8 3,85 and 86 exist, but then one leaves the known part

27
of wf(so)(3) « In § 4 we shall show that the above Bt are
in im(t°).

3. In the course of the calculations for proving (3.11) and (3.12)
we will see that the next Bt which has a chance of not being
in im(t°) is 8 or B

2t+1 2¢+2°

Using the Gysin sequence of the sphere bundle of the pr—th power
of the Hopf line bundle one can relate ﬂ:(BZ/pr+) and n:(wa*)

by transfer maps (for fixed n and r large the bundle Hpr on Pnc
becomes orientable for stable homotopy). This allows us also to

conclude that the transfer maps
s r 8,0
t(r)' “)‘(Bz/p ) - '"*(S )(p)

cannot be onto for r»2, whereas t(l) is onto by the Kahn-Priddy-

theorem,
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§ 4 Representing stable homotopy by framed manifolds

In this chapter we show how one can use the transfer to construct
framed manifolds representing elements in cok (J). Applying the
principle that the transfer raises Adams filtration by at least |
we use the transfer twice, that is we construct elements of fil-
tration O in nf(Pmc xP_€) and map then by a double transfer to
uﬁ(s°) to get elements of filtration 2 . The transfer

£t w S (P: € P C+) L ® (B ¢+) from filtration O to filtra-

2n > © 24" =

tion 1 can be described by a simple power series and the transfer

from Fl";n+1(PwC) to szf(s°) can be computed using (3.9) .
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One can use the fact that the transfer raises filtration by 1

not only but several times. There is also a transfer map
S + s +
Lt nn(PwC meG )~_—>ﬂn+l(Pw¢ ) (4.1

One can define t as induced by the stable map tal, where 1
represents t® or as the transfer of the s!'-pundle pr’(ES1~+ BSi)
where pr: P €xP C —P C is the projection. Tf one identifies

n:(PmCx PQC+) with the equivariant bordism group of free equi-

0

Qn+2(T2;free) , then t is given

variantly framed Tz—manifolds

by restricting the Tz—action to an sl-action. Similarly one defines

s n s n-1
t: ﬂm(BT D BN T )

If we start-in w;n(BTz) with elements of filtration o we arrive
in n;n+2(S°) by applying the transfer twice in filtration at

least 2 . How one can compute t from filtration 1 to filtration 2

is solved by (3.9). The necessary information for computing

S

s 2
e “Zn(BT P W2n+l

(Pwm) from filtration O to filtration 1 1is
given by the next proposition. To state this we need some more
notation.

Let y be the element in K_Z(Pwm;Q/l) defined by reducing the power

| series 1/x = 1/log(x+l) in K—Z(P&G;Q) = QIXMN modulo 2.

Define a map
t: k_(BT") — KO(BT“";Q/z) (4.2)

by the slant product \: K_Z(P C;Q/Z)ﬁKo(BTn) e KO(BTn_‘;Q/z)

with the element y.

Proposition 4.3: For x Gﬂ;m(BTn), the value of eCt(x) in

KO(BT“";Q/zVHZm(BT“'I;n) is given by ‘t:h(e),

where h: ﬂ;n(BTn) — KO(BTn) is the Hurewicz map.
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The proof of (4.3) can be found in [24].

If we write 1/x - 1/log(x+1) =} Cm+lxm , then the coefficients
m=o0
Cn can be calculated recursively by (see [20]):

(-1)%c_/(a-m) =0

"ess

m=0

Elements in KO(BTZ) invariant under cwk—kn can be written as
i
|-

n-i

a rational linear combination of bl x b We then have

o (PONG DR i+l _n-i
t(ab] Xb.) = ey B, (4.4)
where Bi is a Bernoulli number (defined by z/(e%-1) = Z Bizlli!).
This is easily seen by well known formulas relating the c; to

the B, [20] or using the Chern character.

To calculate ect we need to know the image of the Hurewicz

map h: ﬂ;n(BTz) —— KO(BTZ) or equivalently

im(h: w5 (BT%) — H, (BT%)) or im(h: 75 (BT®) — 4, (BT?)) . But
this is not known in general. In a certain range of dimensions A,
is a good approximation to wf, so one expects

h: n;n(BTz) — Azn(BTz) to be onto at least for low values of n .
That this is the case can easily be seen by comparing the Atiyah-
Hirzebruch spectral sequences for wf(x) and A,(X) or by using
the vanishing line for the higher Ext-groups in the Adams spectral

sequence:

Lemma 4.5: Let p be an odd prime and X an s-connected CW complex
with cells only in dimensions which differ by multiples

of 2(p-1). Then h: ﬂ;n(x) ——s A €KY 19 omto as long

2n

as n <s+2(p-l)?p
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Proof: If we compare the Atiyah-Hirzebruch spectral sequences

for w;n(x) and AZn(X) using the Hurewicz map we see that h
fails to be onto only if more nonzero differentials start on
Hzn(x; nz) than on HZn(X;Ao) (there are no boundaries). By the
assumption on X only dr with r = 0 mod 2(p-1) can be nonzero.
So for the case in which h may fail to be onto, there must be an
element of cok (J) in ni(So) with r+l = O mod 2(p-1). The first
time this happens is r=dim arBlp_l= 2(p-l)2p-l « So as long as
2ns:2(p-l)?p+s the Hurewicz map must be onto and im (h) can be

calculated via K-theory.

-~

We can apply this lemma to the case of BT" and PkaH because

the p- localizations of suspensions of those spaces split into wedgs
of spaces which have cells only in dimensions differing by multiples

of 2(p-1) (for a proof see [30]).
Obviously the sum
X b (4.6)

with a.e i Im KO(BTZ;Q) is in the eigenspace of cwk for the
eigenvalue k" and the only problem is the integrality of Z . This

can be decided by expanding Z in terms of the usual basis bixbj.

" : . R : 2, o 4
Example: Define X (b]xbl blxbl)/p in KO(BT 30) then it is
2= 2
easy to see that x € KO(BT ,Z(p} and so X € A2(p+l)(BT ) . We

s i s 2 s
denote a preimage of x  in "2(p+l)(BT ) “simply by X too.

This way of finding the linear combinations Z as in (4.6) which

are in KO(BTZ; by expanding them in terms of bixbj is only

Z(p))

a reasonable method in lowest dimensions.

We therefore proceed as follows:




Q(z):= —]p-(zp_z °(b7'(p_l)x]"'lxbf'(p-l)—bl(r_l)‘(p-])xbll)—l))

is a well defined class in Aer(P”Cme¢) and
z +— Q(z) defines an operator

Q% A (P CXP_6) v Ay (PoEE C).

Here z” denotes the p-th power of z in the Pontrjagin product on
A, (P_CXP_C).
Proof: Clearly. Q(z) e Ko(PmCXPmCﬂﬂ 18 aAmn ker(c¢k-krp). We must

show that 0Q(z) is in Ko(PmePmC;z(p)), that 1s
<x1xxJ,Q(z)> 5 Z(p) for all 1537 3o,
This is equivalent to

<(1+x)™x (1+x)",0(2)> ¢ 2

_4 3..

Theorem 4.7: Let z be an element in Azr(PmcmeC) . Then
|
|
\
:
|
for all n,m 3o,

(p)

Seg .2 = <(l+x)mx(l+x)n,z>5 Y4 . Because

m,n (p)

<(]+x)mx(l+x)n,aub> = <(]+x)mx(]+x)n,a> -<(1+x)mx(]+x)n,b>
we have (4.8)

m n 1 r(p-1 r(p-1 =1 p = =3
<(1+x)™x (1+x)*,Q9(z)> = 3'(z§,n-zm,%(m (p Yo (p )_m(r >(p=1) P )
If n or m is prime to p, then mr(p-l)+nr(p—l)_m(r—l)(p—l)np-l = ]
mod p and zP = z mod p and the right hand side of (4.8) is

m,n m,n

an integer. If n and m are both divisible by p, then on the right

D
m’

hand side there remains n/p. But in this case we have z =0

m,n

mod p because (l+x)mpx(l+x)ﬁp = WP ((1+x)™x (1+x)™)  and

cvP(z) = pf-z . So zg n/p € Z(p).




Remarks:

1.

it zeAzr(BTz) comes from stable homotopy, then so does p0(z),be-
cause b}xbi is the image of 0 xoJ where oéw;(PQC+) is given by
the Hopf bundle over Sz. So the only problem in establishing Q as

an operator in stable homotopy is the divisibility by p.

One has other choices for the form of the second summand
Zo(lxb?+b?xl‘b$-IXb?-p+l) in the definition of Q, e.g. for
a = dim(z)/2 even:

Q(z) = 2(2P-z. (1xpF P20y oy, y (2(R-1)/2),,

As one can easily see this does not affect the property of Q(z)

. . S s 2 2
of being in the image of h: wzap(BT Yoma g AZap(BT ).

There are additional operators for P=2 using the fact that

vy (k®-1)=1 if t#0 (2) and v, (kE=1)=2+v, (t) if t=0, (2).

2a+b2axl_b%xb?a-2

: 1 ) and

For example Q3(z) = %(23-2(IXb
dim(z)=a 26.
One can define similar operators on Azn(BTm).
Example: m=3, n>2. Set b:=p-1, a:=nb, c:=(n-1)b, d:=(n-2)b and

S(n) = oaXlXI+IXUaxl+Ixlxoa-ocxcbxl-GCXIxcb—lxocxob+obxcbxod

Then z k—>(zp—zoh(S(n)))/p defines an operator on AZn(BT3)'

The operator Q on AZ*(BTZ) has the following properties:

Proposition 4.8: a) Q(x+y)

p=1 <
Q(x)+Q(y) +% gt (0

i=1 2

b) Q(xey) Q(x)yp+Q(y)xp mod p (Azn(BTZ) is torsion

free).
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The proof of (4.8) follows directly from the definition and some

straigthforward calculations.

Property b) shows that Q is most interesting on indecomposable

elements of AZ*(BTZ). We define inductively

X;0 = Q (xi_,) (4.9)

= e g S
where X (blxbl b]xbl)/p
Example: p=3

7yb?+2/27'b?;bZ+lo/81~b?xb?—l/9blyb;l

x, = 1/9-b:& b]-lo/81'b?xb?—2/27-b]

(We have used the symmetric form of Q as in remark 2 above).

By (4.5) it is then clear that X, and X, come from stable homo-

topy. With a little work and some information on "f(PmC)(p)
(see e.g. § 6) one can prove that X, is in the image of

h: wf(BTZ) feily A*(BTZ) too. This is most interesting for the prime 3
as we shall see later. Using now the Pontrjagin product on TTf(BTZ)
We can construct out of the elements Be ¥y and 0 a lot of further

elements going far beyond the dimension limit where we know

h: n;n(BTz)—m» Azn(BTz) to be onto.

Suppose given a compact Lie group G with maximal torus T® .
In [23]it is shown how G/T® defines an element (G/Tn,f,L)
in wf(BTn) and how to calculate the image of this element in
H, (BT™) using the root system . This can be used to express the
elements xo in terms of homogeneous spaces for low primes. For p=2

the element x is given by SU(3)/T2 with the canonical Tz—bundle

on it. It turns out that xl=Q(xo) for p=2 is essentially the
2

element given by G2/T

, the first exeptional Lie group. Similarly




one finds: For p=3 X is given by Sp(2)/'I‘2 and for p=5

by GZ/TZ A
It is an unsolved problem to give an explicit construction for

X, and X, or a description in terms of known manifolds for the other

primes. Even more interesting would be a geometric construction de-

scribing the operator Q in stable homotopy (if it exist).

We proceed to calculate t(x;xi )+ sand t*t(x;xg) for some i,j .

As already mentioned, the p-localization of the suspension of P C

splits into (p-1) pieces

SE =X v X, v W &
i) & X Xpv- Wipans o)
The e-invariant calculation of [24]for the stable map t repre-
senting t° and (2.5) shows that © restricts to zero on Xj with
ij#¥(p-2). So only the space Xp_2 is relevant for the transfer t°.
Set Y.: = xi—t xp_i_] for . 1Tciep=il
x’ 1 o e
SRR s B
yp. X5 X
e ol B
yp+l. X, X
or in general
a a,
7= Txx% e o
T i
where t(p-1)-1 = Z a.p (0¢ai<p) . We then know that Y; for
i=o
i<p+l come from stable homotopy and we denote a inverse image of

v by the same symbol. The y; are all supported by the component

2 2
X X c S BT e
p-2""p-2"" """ (p)

Theorem 4.11: Let p be an odd prime and eigni(s°)(p) the i-th element



-47-

of the Bt—family (r=2(p=1)-(i(p+1)-1)-2) .
Then t°t(yi) = Bi Fox d<p

and tnt(yp+l) = 0

Remark:
If we had proved that X, comes from stable homotopy then the same

method would show tet(yi) = ﬁi for ~2%pde2p i
(4.11) will be proved at the end of § 5. As preparation for this

we collect some properties of t(yi):

Proposition 4.12: a) The order of t(yi) is as follows:

i+ ] .
p, lt(y)] = p'"  for leicp,

ey ) |

p+l

e 0 = of ama - lokye v)ee

b) The elements t(yi) are of the form

t(y;) bp(i(p—l)-l) + lower terms (i#p)

o= I|—

t(yp) 2 b + lower terms

p3-p2-p

Proof: We choose the symmetric form of the operator Q as in remark 2

above, If we interchange the two factors of BT2 then x; goes over
into “X, . We recall A
5 3 P_yP
X p(blxb] b]xb]) (4.13) ]
- S p-l 2 % 2
x, = —lz-b Wl prl L gsap” PP + “%.pr lxbp PR] N s
P Mo | pP+1 1754 1 1

a) We first determine the order of t(yi) by applying lemma (1.,14)
and formula (4.4) for the transfer. We need only consider summands
a~b}xb}/pk in which k is larger than i-2, because the transfer

can introduce only a factor b/p? when i<p-1.
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1. The case of Y, is handled separately : t(%) has order p
i p=2-1 s .
2. The element X X (i>0) starts with the terms

i(})(pr-l)(i-j) b;;+(i-j)'pxb*l/pj'f(i-j)~p+i<o$jéi) (4.14)

where in the notation b%xbﬁ the star means a number with
i+* = dimension of the element in consideration.

Only for j=1 do we find *+lso(p), so the transfer gives

for j=1 the factor l/pz, whereas for j*#1 we get a factor 1/p.

In the sum c bk which we get after applying m , we
k. “kod P

thus have | ¢ L1s and |e = p% with s<i+2

.

1+ (i-1ypl *
for r # (i-1)p+1 . So no cancellation in the contributions of
the different terms to bl can take place and t(yi) must have
order pi""2 %

3. In the same way one finds the order of t(yp).

4. One readilychecks that one has only to consider the same terms
in (4.14) for xﬁ-g xz-z . As in 2. we find the maximal denomi-

3= fPtl

nator for j=1 . Then lt(yp+l

The next task is to find the maximal filtration of t(yi)

1. The skeleton filtration of t(yl) is: 2p(p=2) , that is to say
iy - % bp(p-Z) + terms of lower filtration.

2. The case x?xg_z-l for . 1€p-2

We look at the same terms as in (4.14) but interchange the

factors of BT2 . Putting j=o we find a term

1 s e pAp=2+i(p~-1)) (p-2)+i(p-1)
Sp-Z¥ip b * by (4.15)
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We have vp( p(p-2+i(p-1))!) = p-2+pi and b? = n!bn+ lower

terms. So by applying the transfer we get from (4.15)

% bP(P‘2+i(P‘1)) + lower terms

Terms of filtration k with k> p(p-2+i(p-1)) <can only come

b?-2+(1—r)(p-l)x bT with o<r € i, But the denominator

kx
1%

from

of a product a-b b? is always less than or equal to

min(k,e)+1i

. Thus in those

18 =2 =q
P Xo

by construction of X
terms the denominator is strictly less than p(p—2+pi) even
after applying the transfer. The maximal filtration is there-
fore p(p-2+i(p-1)).

An easy calculation shows that by adding a multiple of b?
with 2n-1 = dim t(yi) (= kernel of the Bockstein map) we

cannot reduce the filtration; but for what follows this 1is

not needed.

1
5 MGEE ¢ h the f -2 b + lower terms
(yp) as e form p2 Pp3_p2-,
4., As in 2, one finds a term s b 2 for j=o and all other
g pip -2)

terms give lower filtration.

As a corollary of (4.11) we can state:

Corollary 4.16: Let p be an odd prime. Then up to dimension

n = 2(p—l)(p2+l)—4 all elements in the p-component
of wi(s°) can be constructed from the three mani-

folds ¢ , X and X, using only product and

Pontrjagin product.

The reason for stopping with dimension 2(p2+l)(p—])-4 is the
element €yq The elements e, are still in the image of the trans-

o :
fer t . One can show this by the same method as above, but with some
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. —_— - A . S +
alterations. Let Ei denote an inverse image of €; in AP ),

then e(Ei) generates the second summand in Azm_](PmC), that -is
e(Ei) = 7w, (x(2,1)) (see § 1) .

So the appearance of €, 8oes parallel to the appearance of the
second summand of the transfer component in A (P_C). Besides the
inverse image t(yp) already constructed, the element Bp=€p—l

has an inverse image of order p in wf(Pwm). But the elements

Ei (i< P-1) are not in the image of

s 2 : s
te wzn(BT g R w2n+](Pmm)

as some elementary calculations show.
To get a lift to filtration o one could try to use the other trans-

fers t° instead of to, but I have not done this.

The fact that Bp+l is not in the image of t° does not give an

insurmountable obstruction in a programme of representing stable

homotopy elements by free T"-manifolds. One must only use instead

of t° one of the generalized transfers: For example Bp+| lies

tp(p-l) e

in the image of D3R

For p=3 there exist only parts of the Bt—family. Using the fact

that is in the image of stable homotopy we can construct 8

X, 9

which seemed to be unknown up to now:

Proposition 4.17: 1In the 3-component of nf(So) we get from

elem
X 2% 5%, the elements

81,62’83,85386,89

The method of proof is the same as for (4.11). We therefore omit

the calculations.
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The elements X s X can also be used to construct generators for

1

nf(PwC). Up to the dimension n = 2(p-])(p2+1)—3 nearly all
elements of e(ﬂf(PwC)(p)) can be constructed from X sX, and o

using Pontrjagin products and the transfer; see § 6.

At present, for the odd primes, no element in w?(So)(p) is known
which is in the cokernel of all t°,
For the prime 2, the situation is different; see § 7.
For the construction of the ut—family of Adams [2] using the

transfer ts, see § 7.



§ 5 Some computations with A*(BP)

This chapter contains the computations which are needed in § 3,

§ 4 and § 6. First the elements of order p in A2n—l(BP) are

worked out and then it is shown that one can compute in A2n-l(BP)

modulo elements of certain filtration. This allows us to use the

Zp ¢ —— BP which is needed to compute

formulas for the map £f: S'P

the transfer, in usual homology instead in K-theory.
We then compute the values of f, mod p and mod ti(i>l), and

close with the proof of (4.11).
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In actual computations it seems to be better to use BP-homology
instead of complex bordism. We therefore recall some well known
facts about BP; for proofs and notation see [ 3 ].

The Brown-Peterson spectrum for the fixed prime p is a ring

spectrum which fits into the commuting diagram

€
MUZ RS e
(p) (p)
2
™ N // i
BP

with Wei -1dB We have H;(BP;z(p)) = Z(p)[ql,...qu and

p*
w:(BP) = BP, = l(p)[ vl,...,vs...] where q_ and v_ both have
degree 2(p®-1). The Hurewicz map h: BP, . > H;(BP;Z(p)) is a
monomorphism, so we can identify BP, with the subring

h(BP,) of H*(BP;Z(p)). The generators v, are defined induc-
tively

h(v) = pea, - ]

pj
: qjh(vs 5 (5.1)
J

i =3

In H*(BP;Z(p9 h(vs) is divisible by p but not by pz. We have

BP. (BP) = x{ (BP) [tl,tz....] with tieBPz(pi_])(BP). To describe

the Hurewicz map Npt BP ——>BP_BP we identify BPQ,(BP) with

u¥(BP;Q)[:I,...cﬁ] . Then
nglgyd = E a;t5 (5.2)

We define elements t, e KO(BP;Z(p)) by mapping ti € BP,BP into

MU, (BP) using i and then by the Todd map to K, (BP)

Lemma 5.3: KO(BP;Z(p)) & 2(p)[tl""' ]
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Proof: Clearly M = Z(p)[tl,...tilCZKO(BP;Z(p)). We know that
KO(BP;Z(p)) is torsion-free and that rationally M® Q # KO(BP;Q) A
Let G denote the multiplicative part in the splitting of

K(-,Z(p)) into (p-1)-homology theories [ 4 ], then BP,BP — G _(BP)
is surjective [ 6 J with image Z(p)[tl""tr""]' But G.(X)

is a direct summand of K*(X;z(p)) so M must be a direct summand

and we are done.

The Hurewicz map n_, followed by i and then by the Todd map is the

R
Hurewicz map hK:
wf(MU)WQ, the Todd map sends q  to I/pn in KO(BP;Q). Therefore it

- hoo
BP*H»K“(BP;Z(p)). Because qn=[Ppn_1CJ/P in

follows from (5.2):

h,(q,) = ) —i-t? (5.4)
K"k i+j=k P J

Because h®Q is the inverse map to the Chern character (5.4) allows

us to compute ch(tj).

We have A, (MU;Q/2)c KO(MU;Q/Z);;Q/Z[bl,..,bk,.] , set deg(b,)=i
and extend this in the obvious way to all elements in KO(MU;Q/Z).

Similarly for Azn(BP;le) where we set deg(ti)=(p1-l)/(p-l).

Proposition 5.5: Let x eAzn(MU;Q/Z) be an element of degree r. If

Proof: We have Azn(MU;Q/Z)

n is sufficiently large compared with r, then

B(x) € AZn-l(MU) is zero.

= A2n+2N(MU(N);Q/2) for N large. Let
BU(N,q) denote the q-skeleton of BU(N) and MU(N,q) the Thom
space of the restricted universal bundle EU(N). Because there exists
a q-dimensional bundle E, stably isomorphic to EU(N) restricted to

BU(N,q), we have MU(N,q) = SZN—%\BU(N,q)E. The assumption on x

implies that we can find an element ieA2n+q(BU(N,q)E;Q/Z) with
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qs¢r+l which maps to x under suspension and the map induced by
inclusion. Now X = BU(N,q)E is a 2q-dimensional CW-complex,

84q+2

which can therefore be embedded in Let D(X) be the

ba+2 -Spanier-Whitehead dual of X. Then
8 = aA39+1-2n .
A2n+2q(X,Q/z) - K (D(X);Q/2)

If r is sufficiently small compared with n, we can choose q such
that 3q+1-2n 1is still negative. But in the negativ range the
e-invariant

ni(x) — alex)

is surjective [43 ]. This means that % is in the image of e on

n;n+q(BU(N,q)E) and so the same is true for x. But if
xﬁ-Azn(MU;Q/Z) comes from stable homotopy, then B(x) = 0 because

S

"Zn-l(MU) =0 ,

Corollary 5.6: Let xe.Azn(BP;Q/Z) be an element of degree < r.

If n is sufficiently large compared with r, then

B(x) ¢ AZn-l(BP) is zero.

Proof: Because : Azn(MU;Q/Z) ——>A2n(BP;Q/Z) is onto we can find

a polynomial in the bi which maps to x. In an inverse image of ti
we only need bj with jé(pi-]), thus we can find an inverse image y

for x with degree y«<r(p-1) and can apply (555).

Let =xe¢ Azn(BP;Q/z)<:KO(BP;Q/2) be an element of order p, then x
also lies in Azm(BP;Q/z) with m=n+t(p-1) , t>0, because

(cwk-kn)(x)=0 implies (cwk-km)(x)=0 in this case.

For some large t (5.6) implies that the element x is in the kernel

of B, or what is the same, it is of the form y/p where

) s
ye A2n+2t(p-1)(BP) . By the Hattori-Stong theorem h: nzm(BP) ’Azm(BP)
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is an isomorphism, so y is a polynomial in the elements h(vi).

< p=i) .
Example: We have wk(t]) = k(p l?tl + E~—;«——l = t]+a mod p

1 mod p

Therefore x = (t?—tl)/p defines an element in Azn(BP;Q/Z) with

n = p(p-1)+ t(p-1) . For t=0 we have B(x)#0 because ker(B)
consists of the multiples of h(v?) = (pt]+l)p. The element B(x)
(t=0) 1is the first nonzero element in Ai(BP) with 1 odd. Suppose
now t)>o. Because nR(vz) = v2+vlt?—v?tl mod p in BP_BP [34 ]

% P . < = t-1
we have h(vz) = t,-t mod p in KO(BP,Z(p)) SR X h(vzvl )/p

1
and therefore PAB(x)=o in this case. Similarly

(ctbk-kn)(ttl’-tl)k = O mod p (n=0(p-1)) and (t?—t])k/p defines
an element in Azn(BP;Q/Z) with n=kp(p-1)+s(p~-1) (k»1,s>30). For

k<p it is easy to see, that this element has nonzero Bockstein

as long as s<k. We denote this element by h(vg)/p 2
As an immediate corollary of (5.6) we get

Corollary 5.7: The elements of order p in BP;Q/2) are

A2n(p-l)(

of the form y/p where y is a polynomial in h(vi)

and deg (y) <« n.
Using the Bockstein sequence
P A B
A, (BP) —— A, (BP) —A, (BP;Z2/p) — A, _, (BP)

one can easily work out which of these polynomials have nonzero

Bockstein.

The order of AZn-l(BP) can be computed by a similar method to

that used for ch . We know the Hurewicz map Azn(BP) ->H2n(BP)
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and therefore the order of the differentials in the Atiyah-Hirze-
bruch spectral sequence on the bottom line H%(BP;AO). Because
there are no other differentials for dimensional reasons, and we
know the number of elements in the Ez—term, we can compute the

number of elements in the Em—term.

Lemma 5.8: For n <p(p2—l) the group Azn_l(BP;Q/Z) is8 cyclic.

P

Proof: Because h(v3) = t,-t,+ terms in t, mod p (see [34 D has

1
degree p(p+1), elements of order p in dimensions less than

2p(p2-l) can be expressed using only h(v]) and h(vz). One easily
sees that the only elements not in ker (B) can be given by

h(vg)/p for some k, that is by the elements discussed above. If

there are two values of k such that h(vg)/p 18 in Azn(BP;Q/Z) y

then there is only one with nontrivial image under B.

For later use we work out Azm(BP;Z/p) for m = deg (vjv2)=p(p+l)+p.

'y/p and h(vg+2)/p are

Lemma 5.9: The elements h(v3v2)/p,h(vg+
in Azm(BP;z/p) and have nonzero image under B. The

group A2m-l(BP) has 3 cyclic summands,

The proof of (5.9) is an easy calculation which we omit.

Remarks:

1. The cofibre sequence s® . BP —BP shows

~

AZm_I(E?) = AL L {8P) (5.10)

2. A cofibre sequence wvhich induces short exact sequences in BP-homo-

logy induces a long exact sequence of Ext-groups. In this way one

can map
Ext©9s* (BP, ,BP(BP;0/2)) surjectively onto Extz’* (BP, ,BP)
BEBP * 9 » : 6 4 BP*BP # 2 "
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using the two boundary maps
0 4+ e 1, == 2.2
Ext  *(BB,BP(BP;Q/Z)) — Ext ’(BE,BP(BP)) — Ext”’(BE,BR)

But Exto’RBR,Bg(EP;Q/Z)) = set of primitive elements in

BP*(§§;Q/Z) can be mapped into Az*(EF;Q/Z) and then using the

Bockstein map into Az*_](ﬁﬁ). This defines an injective map
220+1
EXtppnp (BP, BE) SS CkgT (REY TS

The element Bs of the Bt—family is described in Extoﬁ(Bg,BR(ﬁR;Q/Z))
8 .48 s . —

by (nR(VZ) v2)/pvl and maps to h(vz) /p in A2n—|(BP)' So we

know the e-invariant of an inverse image of BS under the boundary

map 9: wi(ﬁ?)‘—anf(so).

s s sl oS
The formulas for nR(VZ) and h(vz) show why Azn_l(BE) is much

l..20n

xtppgp (BR, BR(EP)).

larger than E

For connected spectra like BP there exists an Atiyah-Hirzebruch
spectral sequence. There is a filtration of BP, denoted by BPT
whose associated graded groups are the E°-terms of the Ez-terms
Ei,t = HS(BP;At(*)). In the group Azn(BP;Q/Z) this filtration
is the one given by degree (up to the factor 2(p-1)). The state-
ment of (5.7) means then that nonzero elements in A2n-1(BP)
must have high filtration. We can use this observation to sim-
plify some calculations. For late use we restrict to the fol-
lowing dimensions m = 2(p—l){pk+p—l) and ke¢p+1, although the

statement of the following proposition seems to be true in

general.

Proposition 5.11: The canonical map j,: A _I(BP)-—aA

r
Uil _y (BP/BP")

2m
with r = 2(p-1)(pk-2) and m = (p-1)(pk+k-1)

k«p+l 1is injective.
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(5.11) means that in Azm(BP;Q/Z) we can calculate modulo terms
of degree ¢(pk-2) without losing A2m-|(BP)' We identify
H,(BP;Q) with its image in KO(BP;Q/Z). For the proof of

(5.11) we require the following lemma:

Lemma 5.12: If we have in KO(BP;Q) the following equation

P
1 arala® Py apenyg a0 0
i=o
mod Z(p) and mod degree < p2+p-2 where
a = p2+2p, then a(i)e 2(p) and moreover
a(i) = 0 mod pp—2 5

Proof: The statement a(i) € Z(p) follows from the fact that

the terms of highest degree in q;q? ilpsl) are linearly

independent.

Then by an easy calculation one sees that the coefficient of

2 2 R
t tP +p=j(p+1) s q;q$ +2p-j(p+1) for k»j has denominator

2@

at most pp. The number a(p+!) must be divisible by p(p-l)

pet in degree p2+p+l of q3q(p— ).

2
In degree p2+p the term tg appears in ngﬁ e (p+l)p=q§q€

ip~1)

because of the term t3/p

with denominator pP and in a(p+l)q3q with denominator <p.

So a(p) = o (prl). The term tg_lc? 3 appears in ng? i

in qg—lq%p+l . Its denominator in q$—|q§p+l is pp and in
a(p)qzql at most p. So at least a(p-1) = o(pp—l) . Proceeding

inductively the conclusion follows. One factor p is lost be-

cause the denominator of the coefficient of tzt? Mokt in

24p-1 . -1
qzq? P is only pp .
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Proof of (5.11):

1. We first treat the case k<p. Then AZm—l(BP) is cyclic and the

element of order p is given by Bh(vzk)/p . ANy Azm(BP/BPr;Q/Z) we have

h(vg)/p = %-(tf-tl)k = -t?k (5513)

|-

Suppose that t?k/p lies in the kernel of f: Azm(BP/BPr;Q/z)-————e

r ST : : e :
A2m—l(BP/BP ), that is in the image of A2m(BP/BP ) s Azm(BP/BP ;1 Q/2);
then we can write

1% Loy ai.qu+l)(k—l)—l.q; (5.14)

But if we look at the coefficients of tpk and tpk_] in

1 1
qfk'l)(P+‘)'qu we see that they are equal. So an equation 1like

(5.14) cannot exist and (tpk/p) 0 in A (BP/BPY).
1 m-1

2

Remark: If we try to compare a given element z EAZm(BP;Q/Z) with
h(vg)/p we may not only calculate mod degree ¢ pk-2 but can also

introduce the additional relation t, = 0O, Then h(vg)/p 18 sitill

2
nonzero modulo those relations, which then all reduce to t?t/p=—t$t_l/p,
2. The case k=p+l1,
2, 2585
As for k<p the coefficients of t? P and t? o are the same
A 2 o1
in q; q? t2pidpr) with the one exception i=1, where we have
2
: 2 > IO (p +p-l)
the coefficient of t? *P in qz-q? gl is 51 /pP
- o - SR p2+p-1
the coefficient of t? i in qz-q? ! is ( e ) /pp + %2

The group A2m—l(BP) is a sum of 3 cyclic groups and the elements
of order p are p(h(vE*?)/p), Bu(vB*')/p) and B(n(vyvy)/p).

Now let



pte p+l P : 2 5
a-h£y2m“) +bP£32_ )+ch£Y2Y32 = Z a(i)aq;.qg s - 1(p+])+a(p'0‘l)q3ql
P P P i=o

mod degree 4p2+p—2 in AZm(BP/BPr;Q/Z). Then by (5.12) we have

o 7 ARSI 2
a(i) = 0 (pp 3). Looking at the coefficients of t? o and t? w

mod Z we see that they are the same; the additional summand

p2+p-1 2 : i
tI a(l)/p vanishes (for p>3, for p=3 one calculates directly).

We have
RE9*2) 15 cw dgp 220 12 pPepe
V2 i 0 o P -1
Blv.v.)/p: = g tB. B tp2+p+l- t.-tP)
2V3 Top g 1 1"y
h( p+l)/ % l.tp2+p
v2 (0 s |

mod degree 4p2+p-2.
2
¢P +p

1
p2+p—| . : 1
and that of tl is zero, but on the right-hand side they are

equal, so b = 0 (p). Because a(i) = O (p) we find a = 0 and c = 0

On the left hand-side of (5.15) the coefficient of is b/p

mod p by looking at the terms of highest degree.

The usual generators for H,(MU) are the elements b? = ¢(bi) where

¢: H,(BU) — H, _(MU) 1is the Thom isomorphism, whereas H*(BP;Z(p))

2(p)[ql,..,qi,.. ] . Let m: MU —> BP be the projection. We need

some information about ﬂ*(b?) in terms of the q; . The values of

ﬂxm?) (notation as in [3]) are known and there are formulas for com-
H

puting b? in terms of m. ( 7.5 in [3]). However for computing

u;b?) mod p We proceed as follows:

Proposition 5.16: n$h?) = 0 mod p if j#pi-1

p—
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Proof: We have a commutative diagram

H (M e Do i (BP)
A ~
| MU S BP
NO (MUY S T= L Mp (BP) -~ 3BP (BP)
MU H

with TMU(bI

(see [3] §16):

) =b In BPABPQ" (P_C) the following equation is true

f % &
. Ty MU L.j+1 yp
] nplaxf = L onglap) (L] s oot ) (5.17)

Applying TBP gives

2 H i¥ op
a, ; g 00 i o) )

Calculating mod p we arrive at

E X f
z z n}bg P& x(3+1)p “qg T Qg mod p
f ] ]

Inductively it follows that n}b?) 20 (P)Y 1f 3% p%-1 and for i>0
i k

P
) Lot k) =0
T LR

Remark: A similar argument gives a corresponding formula in K-theory.

Examples: n(bp_]) = -q,
o oped o
2+ +] 2
b i -q? o+ q? 9, * q,qg = 44 mod p
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n

iyt o (PH 10/ (=1

Corollary 5.19: Tlb. 2L )
y » pl=-l 1 mod p, 955, q3»-

For computing the transfer tS in filtration |1 we need to calculate

DT e e s 4
the map S P C —> MU — BP. Recall that the map f  was defined

by the diagram

- b5 s
8 s el 4 sp gt LT 9
L I
H | £o- | £ H
),
i > MU > MU Laisog!

mie

I1f we define the generators b; of H*(PQCs ) wusing the Thom isomor-

o2

phism ¢: H,(P_C) — ﬁ*(PmCSH) we can use the commutative diagram

o sH £S v
#,(p_¢®") —— H,(MU)
; | ¢ ¢
£S
B (P C) e N
Note that H,(MU) and Hy(BU) are both rings and the Thom isomorphism

is a ring homomorphism. But ff(l+bl+b2+...) = (l+bl+b2+...)s in

H, (BU), so

=s s B o-H s

f¥ (bi) - (b°+bl+......)(i) (5.20)

e s i %

where (i) means term of degree i. Because J":H*(Pmtl:(s ])H)—oH$P”CSH)
maps bz-l to bz_‘ we arrive at

s s H .H H s-1

(bi-l) (b°+b1+b2+....)(i) 5.21)

The analogous formulas are true in K-theory.

For calculating with the transfer t° we need therefore

(n (b ) #n (b ) +nlby)+e )™



Modulo p and q; for 1>1

Proposition 5.22:

Proof: We calculate

(l+xp-

&k~

this is easy to .calculate:

H+.C

The desired identity follows on comparing the coefficients of

on both sides. (5.19) completes the proof.

Similarly, one can deduce formulas for wx(bo*b‘+b2+...)s

Proofilof (4.11);

a) We want to show

tt(yi) # 0 for 1i<p-1. Because ni(so)

dimension is generated by

Remark: Because Ext

into

2,2n+3
BBBP

8.
i

we

must have tt(yi) = aBi

mod

(p)
with

=1

i o s H H
The coefficient . of q, in (mbo+mb]+mb2 <)
has the following mod p value: write t(p-1) =
r ;
i : :
Z a.p with Osai<p, then c, = 0 af z a,> p—1
1=0
.
Ko 1 1 1 ! = in
and c = (-1)"/a_la lay,!...a ! if Zai p=l
(1+y+y“‘:’4'1+...)—l and set y=xp_l, then
2
gl | = 1 X
-+ oo) - _( i 2_ )
X jexP 1+xp ]+...
2 3
oyl R R
x+xP+xP 7+ L
2
g S (x+xP+xP +., )P
(x+xP+xP +,..)
2 o
= 1 - (x+xP+xP +...)p :
g z (p-1)1! xao*’a]p*..
d Yo !aZ!..a
@ s®yse, B 30 o FeEL | r
a°+al+az+..ar=p-l

xt(p-l)

Psdgsees

in this

a$0(p).

(BP, ,BP, ) can be mapped monomorphically

A2n+l(§§) one can also compute the value of a ahd so does not

actually need the information that ﬂi(So)(p) is generated by Bi'

One would then get

tt(yi)

aBx
i

mod higher filtration.
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We set f= mfo. By (3.9) we must show that Bf*t(yi) is nonzero 1in

A*(fﬁ) and by (5.11) we are allowed to compute mod terms of degree ¢

K
p((p-1)i-1)

So at once f,(z) = O and we need to know only the term of top degree

(pi-2). We know t(yi) = (1/p)-Dd + z with deg(z)<p((p-1)i-1).

. K . .
in f*(bp((p-l)i-l))‘ This of course can be calculated via homology

and we can use (5.22) to obtain

St iped
f*t(yi) e tI mod t

2 and degree <(pi-2)

As remarked in the proof of (5.11), this suffices to show Bf*t(yi)+0

iprl#i
qP

because h(v;)/p = t?p/p = -tlp—l/p mod . .

1

b) The proof for tt(yp) = Bp runs along similar, but more complicated,

lines.

c) To prove tt(y = 0 we must show that ﬁfxt(yp+l) goes to zero

p+1)
in A*(EF). By the same filtration argument as in a) we need only look
at the term in degree (p+1)p-1.
The following two statements are easily proved by direct calculation:
5 a% e H-2H: H 1 3
1. The coefficient of ﬂjb°+bl+b2+...) in degree (p+1)p-1 is
t?-tg-l mod p (using (5.18)) .

We have already observed in (5.22) that this is zero mod thrts.

2. We have the relations

p-l e
P~ .~ Naf L t2
2 2
p-1 p_p T, P p-1.p ptp p el
Pt iy Bty Tty t 200 + at, )
2 2
-1 +2 1 - +p-1

p? -q? , 2 ik t? P 3 Fe)

mod€degree p2+p-2 with a ,a, $ 0 (p).

1 tp_tp-l

5 F1 % mod degree ép2+p—2 and

Statement 1. proves f*(t(yp+l))
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2. shows that this goes to zero under the Bockstein map.
As an example we include the explicit formula for f*t(yp+]) in the
case p=3

f.ely.  )) = %-t

p+l
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§ 6 On the image of the e-invariant

In this chapter we discuss the problem of computing the values
which the e-invariant can take on ﬂf(PwC). The computation

of the algebraic K-groups for P, in § 1 gives an upper bound
for the image of the e-invariant. In contrast to the case of
stable cohomotopy in negative dimensions, where the existence

of the J-homomorphism implies surjectivity of the e-invariant,
the e-invariant need not be surjective. Indeed the deviation

from surjectivity is connected with other interesting phenomena

kH

S S o
[ (B €) —n5 (5°)

such as behaviour of the transfer maps t :n;n_

from Adams filtration | to filtration 2., If the e-invariant were

| e kil
"2n-I(PwC ) to

2Ws
2n

. . . S . . o .
1s 1n the image of some t causes an infinite series of ele-

surjective, then all t° would have to map F
higher filtration than Fz. Every element of F (s®) which
ments in coker (e). We shall use this to find elements in the

cokernel of e: (Pwm) — A2n—l(ch)'

.
2n-1
A further upper bound for im(e) is given by the groups

Lidn

Extpp Bp

(B, ,BR, (P,C))c A, _ (P,C)

2n

It is certainly difficult but not impossible to calculate these
groups using the methods of [29 ]. Dut even this would not describe
im(e) completely, because there are nonzero differentials in the
Adams spectral sequence on these ext-groups. Via the transfer map
those differentials are related to differentials on

2

ExtBP BP(BR(,BK ) and so a complete computation of im(e) would
*

. J % 8.0
ive information on F S .
g '"#( )(p)

For lower bounds for im(e), the situation is not even as good as
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for upper bounds. There are several ways of giving lower bounds
for the image of e. First, we can use S-duality and the J-homo-
morphism to show that elements of low skeletal filtration in
A2n-l(Pw€) are always in the image of e. Second, we can use

the transfer map nf(BTz)-—avf(PmC) to produce elements in im(e).
The first method only gives a coarse lower bound in all dimensions.
The second can only be used effectively in a certain range of
dimensions because the image of the Hurewicz map

hz w;n(BTZ) e Hzn(BTz) whose knowledge is necessary for this

method is not known in general.

We start with giving 1lower bounds using S-duality. We then
discuss asimple method to find elements in the cokernel of
s . ;
e: vzn_l(PmC) s Azn_](Pmm), describe the relation to the trans
fer maps and use this to calculate im(e)c A2n-1(Pwm) for ns(p-l)pz-p.

This then allows us to compute ni(PwC) in the same range of

»

dimensions. We also show how one can describe and construct the
elements in wf(Pmm) in this range by framed manifolds (up to some

exeptions). As an application, we compute the image of the

S

5o (B2/%) ——K (82/p%) for ngo(p) .

Hurewicz map h: =
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We first discuss the way to give lower bounds by use of S-duality

and the J-homomorphisn.

Proposition 6.1: Let x eAzn_](PmC) be in the image of the map
induced by inclusion i : Azn_](PkG) ot A2n—l(Pmc)
and 2k+m<2n-1 where m is the geometric dimension
of the stable normal bundle of PkC .. Thenh ®iis

s ; s
in the image of "2n—l(PmC) _— AZn-l(ch) :

Proof: If the S-dual of an element x is in the image of e, then

x € im(e) . We have a commutative diagram:

D
s = 1-2n+2k+m v
"Zn-l(PkC) araeng 75 17 (Pkm )
|
le ie
= 1-2n+2k+m v
AZn-l(PkC) ==l A (PkC )

where D is S-duality and Pkcv the Thom space of the normal bundle

of Pkc « If r = 1-2n+2k+m<o we can look at the J-homomorphism

s r~1 v r v
Jz K (PkC ) —— ﬂs(PkC )

The map J factors as

i 2

= v r v r v
(B Ch) & Al (r aY > xg (P CY)

and for an odd prime the composition e-j is bijective [43 }.
. s 2 . .
This shows that e: "Zn-l(PkC) S Azn_l(Pkc) is surjective

if 2k+m¢2n-1 .,

Example: p=3 The element x= (b3-b4+b5)/3 in A2n—l(Pmm) with

n odd has filtration 6 (because x = a-bl+b~b +c-b

2 3

mod b? in KO(PNC;Q/Z)), so if 2n-1211, x is in the image

oL & =




The same argument applied to BZ/pr gives

L2k+l

Proposition 6.2: Let (p°)  be the 28¢1-$keleton of BZ/p"

and m the geometric dimension of the stable

L2k+l

normal bundle of (pr). Then

2k+1

im (Ai(L (pr))——>Ai(BZ/pr)) is contained in

im(e) 1if 2k+1+mg¢i .

2k+1

In [38] it is shown, that m (L (pr))< 2[§]+1 1if p is odds So

we always have im (Ai(L2k+]

§ s B A;(B2/p")) c im(e) if
k+1+ [%]si ‘

3 n_f
o Sl p - > 11
Example: p=3 z R g B odd is in AZn—{L (9)) = Azn_l(BZ/9)

80 'z im(hY " af n» 9%

Remark:

. T s r s
By the surjectivity of nzn_l(BZ/p ) RN "2n-l(PwC)(p) for large r
(6.2) also gives information for P,C, which is sometimes better

than that of (6.1). Given x eAZi_l(lepr), the value of m with

X € im(AZi_l(Lzm-l(pr)) s AZi—l(Bz/pr)) can be calculated as in
(1B .
To find elements in the cokernel of e: w;n_l(PmC) —f>A2n_l(Pmm)

we can look at spaces X where the image of e in A,(X) 1is already
known, and then use maps f: P, — X to compare the cokernels of
e in both groups.

If . % ;Azn_l(PwC) is mapped by f, onto a nonzero element in
Azn_l(X)/im(e), then x cannot come from stable homotopy.

Spaces or spectra for which the image of the e-invariant is known

U =
2n-1

(BP) = BPzn_l(*) = 0 we have 1im(e) = 0 but nevertheless

are MU and BP. Because ";n_](MU) =R 0 and

xS
2n-1

A, _,(MU) ¥ 0 .
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Example: p=3 We have A9(ch) = 2/3 generated by an element

z with

D

Zik ) 1 il 1 1 ?
zg= gibyd 551790 ® 9P T3P tgby mediby

{
|
o
|

4*Ps)

Using (5.17) and (5.4) one finds that zg is mapped under

B T ey

=1
(2 4 2 1.2

2 R 4
to ch 9d;+31]) = gt *3t) eAlZ(BP,Q/Z) = KO(BP,Q/Z).

2

The kernel of the Bockstein map is q?=(tl+l/3)3=t?+t]

so mﬁ?(z = -t?/3.

9)

But A9(PQC) = A]O(Xl) where SPQC(3): leX and the co-

2

fibre spectrum of X] —» BP is 15-connected. Because

2z/3 it then follows that zZg 1S am the

w
®

PR s e
All(BP) w]l(BP)

image of e (what we already know,because zg=e(t(xo)) ) 15

Using this method we shall prove:

Proposition 3.11: Let x be an element of order pp—2 in

Ayn (PaO) = 2/pP 2@ 2/p (m = (p-D((p+1)%-1)-1)

then x is not in the image of the e-invariant.

Proof: One can use the formulas of § 1 to show that

X = g, (x(1,p+2))  in Azm(PmC;Q/Z) has Bockstein B(X) = x of

ok Gt ‘
order pp . and then compute the coefficients of the highest terms

of Xx. Then by subtracting a suitable multiple of b? one can lower

the fTidltration of x so that

x = % bm-(p—l)+ terms of lower degree (6

in Azm(PwG;Q/Z).

To avoid such calculations one can argue as follows: We look at the

Atiyah-Hirzebruch spectral sequence for A _(P_C€). The first differen-

+c]/3,

.3)
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tial is the same as the first differential of the spectral sequence

for Wf(PmC) and it is well known and easy to see that
d' x = E‘(x)-al (5.4)

where o! is dual to the first mod p Steenrod power. (We write

s

7 2p=—3

£ (So)(p) for the generators of both AZP_B(%) and

1

S o

In the case where n+l=o(p) we then have that

Lo : :
d': Hy (P _C;A ) — H2n_2(p_])(Pmc,A2p_3)

is zero and for dimensional reasons the generator of

H2n-2(p-l)(PwC;A2p-3) is a permanent cycle.

This implies that there is an element y in AZm—l(ch) which has
skeleton-filtration 2(m-p+1). By comparing the spectral sequences
for. A, (P £) and A (P £;0/2), it follows that in Azm(PmC;Q/Z)

there is an element y with the same filtration and nonzero Bock-

stein, It is easy to see that 2z = Bn, (x(2,p)) 1is a generator for
the second summand, and from § 1 we then know

ey o K =¥ v >

z . (x(2,p)) = 5( bpz(p_])_] bp2(p—l)—2+bp2(p-1)—3 S aa) (6.5)
Because we know the filtration of px = t(yp+]) (see § 4 )
and that of z, ¥ must be X and (6.4) is proved.
We now map P _C into BP as follows:

r kH ES 2k . 2k

g: PCBts PE/P. € =P C — sty T, gfmp (6.6)

Here pr is the natural projection, ?k the map induced by the

classifying map of k*H and k = m-(p-1)p = (p—l)(p2+p)-l soudn

(BP;Q/2) we can calculate modulo terms of degreec< (p-1).

Arp(p-1)
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and so proceed as in the proof of (4.11): Ue get

. p2+l
b = term of degree (p-1) in {1-t. %t ot o

g { m_(p_])+...) -

i 23
N P

B
P 1

I+

which 1is i(pEJ/P't?-I -

By (5.11), this is not in the kernel of

A BP s ——— .
: 2p(p-1)( Q/z) AZp(p-l)-l(BP)
We can now prove proposition (3.12) of § 3

Proposition 3.12: The image of e in Azm_](PmC), where

e (P'l)((P+|)2'l)—l, is mapped to zero

(BP) under n f’

in * TR

A2m+]

Proof: By (4.11) we have proved that px=t(y goes to zero

p+1’
under w*ffo) . But, as observed in the proof of (3.11), the
generator of the second summand 2z has filtration < p2 and in

Azm(BP;Q/Z) we are allowed to compute mod terms of degree g(p2+p-2)

so w*fgo) (z)=0.

We now discuss the relation between the elements in coker (e) and
the behaviour of the transfer-maps on Adams filtration {.For sim-
plicity we shall restrict to dimensions n with n ¢dim B? :

Define C,(X) to be the cofibre homology theory of the Hurewicz

map n:--» A, , so that for every space we have an exact sequence
o 5 (x) Sl o4 I i ¢ (6.7)
n e e (p) . n T e :

For an odd prime we see C¥(S°) = coker (J) Cni(So)(p). The only
way I know of to compute C,(X) is by means of some spectral
sequence. If we use the Atiyah-Hirzebruch spectral sequence, then

in the dimension range n ¢ dim 8? and for spaces like P _C this




;
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is easy. One needs only the knowledge of two differentials

d2(p—1) and d2(p-1)2 . The values of dr for C, are deduced

S

2n. k.
d : pp

Lemma 6.8: = I) for r=2(p-1)

from those of the w:—spectral sequence., There we have
s
Ml Wt By, AT

and Z(p-])2 is given by
2n,k

2n,k G n—(p-—])z :
dz(p-])Z ({PnC—J@z-al) = ( p-1 ) [Pn_(p_l)ZC]ibz.B]

Proof: This is known, see [44],[9 ] and can also be deduced by apply-

ing the method for finding elements in coker(e) discussed above.

Let X =P C or P_C/PC .

We then see that the cycles which are left by d are killed

2(p-1)
by d2(p—1)2 with the following exceptions
a) the differentials map into negative dimensions or

b) dz(p-l)z starts on an element [Pic]csz where z is indecom-

posable in the ring nf,

that is ze{B],BZ...Bp_IE

For X = P &  there remain for dimensional reasons (case a))
| [PjC]® Zz. and [Pjpc]@>al-z with: lej<ip=zl)

and z ¢ {B?Bkl k<p-1 and o<i+k<¢p-1 7} (6.9}

For X = PmC/PkC there are left, by reason b), the

cycles [Ptp+(p_])¢]g>ss A (6.10)

The elements left for dimensional reasons in Czn(Pmm) map to

s

| nonzero elements in Ton

(Pwm):

Clearly [PjC]® z (j<p-1) represents oéz eni(PmC), where
ce.w;(PwG) is the generator.

But we know t(ap-zoz) = o,z # o in wi(s°)

So o'z # o for 1¢p=2 "
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% a %%
Thus elements in the image of $ Azn_l(Pwm)—a C2n—2(Pwm) are

represented by cycles [Ptp+(p-l)c]® Bs and we have proved

Lemma 6.11; Let 2n-1 <dim B? . Then

S

coker (e: %o

1 (p_C) — A2n-| (ch))

has order at most p

Proposition 6.12: Let n<dim B?/Z and xeA, (P _€) 'be in
coker (e) . Then there exists a number k such
that the projection of x into
Azn_l(PmC/PkG) is in the image of e and for
an element X¥ with e(X) = x we have

e ey 40

Proof: " x&e Azn-l(PwC) is mapped to an element represented by
? i : -
some [P(p-l)+tpc] B, in C, _,(P_C). Let k=p-l+tp and

prk:PmC —*PwG/PkC be the projection. We look at the exact sequences

induced by the transfer tk+l

= . k+1
o k ] t o
Aga-2k-1(8 ) —¥ A, (P C/P 1 8) =5 A, (P C/E C) —s AL(S")

k ¢ i a

., Eope o
Czn_2k-2(5 ) Czn_z(PmG/Pk_]G:) — C2n~2(PwC/Pk€) —— C,(S")

We have AuprE(x)=0, so there exists X eﬂ;n_l(Pmc/Pkm) with

e(x) = prf(x). Then tk+](i) # 0, because in case tk*l(i) = 0 we
. B = o = o

should have X = j (x) for some x with e(xX) = prE l(x)+k(z)

contradicting Aprﬁ-](x) = 0. Clearly tk+l(x) = aﬁs with a$0 (p).
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Proposition 6.13:51F xems _l(PmC/Pg) is an element with

2n
k+1
5

A

(x) = BS, then e(x)=- AZn-l(P®C/PQ)

has an inverse image 1in 1(Pmﬁl) which

A2n-—

is in coker (e): .

Remark:

(pC/P, C)

i k
Because AZi(PkC) igs5iree, pr. 3 A2i+](Pw¢) > A21+l

i8 ‘omto.

k+1 : 0
Proof: Because the transfer map t : Azn_l(PwG/Pkc)»»Azn_Zk_z(S )

is zero, e(x) has inverse image y 1in A2n—](Pwm/Pk—lc)

This cannot be in the image of e because the existence of an
inverse image ¥V would imply tk+](x) # BS (j’(?)—x is in Adams-
pl+2(p-1)

Filtration

)« “Phen the 11t ofliedx) 'to Azn-](PmC) can

be mapped onto an element in cok (e), so it cannot come from stable

So one can describe the cokernel of e by computing the transfers

k 5 s %
o on: tiltration 1 and viceé mersa;

homotopy.
Remark:
The elements in cok (e) are alwayvs connected with values of the

transfer maps, but they need not always correspond to values of ¢t

in Adams filtration 2. So we cannot determine them simply by com-

puting tk via fr and A2n+](BP) and the boundary map

307 o8 = g/ S:0 v .
: ﬂ2m+l(BP) ——»me\s T he appearance of such a phenomenon

connected with the relation a18?=o in stable homotopy - in

dimension 2p2(p-l)—3 is the reason for our dimension limit.
The method of § 3 allows us to compute tk from fadEration 1" to

filtration 2 and the results of § 5 reduce this to a computation

of a coefficient in a power series, namely the coefficient of

. 2 L
o s TR (l—t|+t€+‘-t? b yed

1
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Theorem 6.14: Let s be in {1;.0.,0-1) o T the Slenent B
is in the image of tk, then k=0(p).
The element BS is in the image of ePt s

and only if ¢t-1 mod p is in the set {Syai st

Proof: 1T Bs = tk(x), then by (6.13) there exists an element y
in Azn_](PmC) with = Aly) '#+:0 In an_z(PwC). The element A(y)

i r !
has a representing cycle of the form LPtp+p-lmd XBS it follows
that 2n-2 = 2tp+2(p-1) + dim 8s= dim Bs+ 2k=2 and thus k=0 mod p.
The proof of the second statement is by the same method as e84,

For the existence of the inverse image of RS one uses the Ativah-

Hirzebruch spectral sequence.

From (6.14) we deduce:

Corollary 6.15: a) Let n=s(p2-l)+tp with sec<fl,..,n-1} and t290.1If
t mod p is in {s8,...p} then the cokernel of

s + : ;
BiNo KB % g Azn_I(Pmﬂ) is at least Z/p.

B)<I£: n <(p~l)p2—p then a) describes coker(e) com-
pletely, that is : if n=s(p2~1)+tp with s:{l,..,p—l}

and t>0, then coker(e) is Z/p iff t mod p is in

{s,...,p} and zero otherwise.

Let z, be the generator of n;(PmC)(p) with m=2p-3+2ip and 1€i<p-2
(these are the first torsion elements occurring in the individual
components of the splitting of SPmC(p) into p-1 pieces;they can be

constructed from X using the transfer). The cycles ﬁlﬂags:Pipcf

in C2n-1(P”C)’ listed under (6.7), map to nonzero elements in

o

S S n S ~ o Xy liiarss
wzn_l(PmC) because "2n—°(P”m) —— A?n—Z(‘ C) is onto. Clearly they
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represent the elements R%BS-zi.
Putting the discussion above together gives us a computation of

ﬂz(PmC)(p) for is dim 8%

Corollary 6.16: Let p be an odd prime and ng dim B? = 2(p—])p2—p.

Then

tor wz(PwC)(p).E ker(e) ® im(e)

where im(e) is described by (6.15) b). The subgroup
ker (e) is generated by the elements
ZfB B somBiR (1<i<p-2, O<s<p-1, O<k+s<p-1) and
elements of order p in dimension 2n-1! with

2
n=s(p“-1)+tp (t20, s<{2,..,p-1} and t mod p e il .o

1»
represented by the cycles [Ptp+p_1¢J BS.
It is of course possible to press the calculations further, but then

the results become more complicated to state than to derive.

Almost all elements in nf(PmG) in the dimension range considered
in (6.16) can be described by framed manifolds. For elements 1in
ker (e) this is already in (6.16)., Tt remains to describe the ele-

ments in im (e).

One only needs the three elements TyX and X, and their Pontrjagin

products to describe all elements of im (e) via the transfer

s D s . : i
t: wzn(BT ) ——>ﬂ2n+](PwC) with the following exeptions:
We look at each component of SPwC(p): X‘vu. pr—l separately. As
long as A*(Xi) is cyclic we have im (e) = im (t). The generating

element in the second summand of AZm(Xi) if it appears. for the
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first time is not obtained in this way. Then for n=s(p2—l)+tp,
s>2. t»D and t.mod p €{2,...,5=-1} a subgroup of order p 15  not-an
im(t). The proof is a simple application of (1.14) and (4 o4) sand will
be omitted.
Example: p=5.

A113(Pm¢) = 2/25 # 2/5 generated by t(xlﬂ(lxo26)) and

t(xloxﬁ(lxcz)) (e dssonto)s:

Tt is also possible to describe some of the elements in im(e) by

Sl-bundles over homogeneous spaces using (8 1)

Using (6.15) and arguments as above one can also compute

s
i (P C/P, _,C)

1

for i 62((p—1)p2-p+k). The result is similar to (6.16) but slightly
more complicated to state. The computation of ﬂi(PQG/Pk_]C) might
be more interesting than (6.16) because these groups are closely
related to metastable homotopy groups of U(n), see for example [17]

(the dimension range considered there is 1 <2p2-l+2k) and-Bid .
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Computation of h: ﬂgn_l(BZ/pz) ety K](BZ/pz) for n # 0(p)
Let p be an odd prime. From (1.6) we know
AdZn—l(BZ/pz) = Z/p2+vp(n) P Z/p]+vp(n)

so for n # 0(p) we have im(h)c Z/pzﬂ 2/p . The generator of

the first summand is always in the image of h because this ele-

ment is the image of on—lé ";n_z(PmC) under the transfer map

[21]. The second summand is generated by
i d -
(oP + 2%p°P +-~~(p-l)qp(p ])p)/p

Separating the congruence classes of n mod (p-1) we get {p~-1)

different classes z Clsscp=a) ~ in KI(BZ/pz). By {189 z

% ‘ 2 z . . .
is in AZn_](BZ/p ) iff wm,(z ) is in A, (P C). Using (1.7)

we find that the lowest value of n such that zse.Azn_l(PmC) 145

n=(p-1)+sp . So for n#0(p), n=s mod (p-1) and nz(p-l)+sp we

have A2n—l(Bz/p2) = Z/p2 2 2/p . We first show that z is

in the image of h . For qus) this  is true by (6.15). By [25}

2
Vi hive J(HP )=0 in J(Pmm)(p) as long as m<(p-l)p2 o SO

2

g P is orientable for stable homotopy and we get

C
(p=1)p2-1
an exact Gysin-sequence:

Ty s

S 2+ + ne
<__,w2n_](BZ/p ) -——»ﬂzn_](PwG »“ ; :

s : oF &
T rnd LG (6.17)

as long as n<(p-])p2.

S +
Fox .. n=(p-1)+tsp , 8= 0 ..;p~2, thHe map- - h: "2n—3(Pm¢ ) —— Azn_3(Pm¢)
is injective, so h-1ﬂ¥(zs) must come from vzn_l(BZ/p2+) because

2 o el c e 8 i
ﬂ*(zs) comes from A2n-l(BZ/p ). For s=p-1 we have alBlfflzn_3(pmc )
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coming from the base point and we must check that h—](n+zp_])ne 1S

not a multiple of a{B{[*} . We compose t:vf(Pw¢+) xﬂ?(BZ/p2+)

¥
with the transfer tzzﬂf(BZ/p2 ) > nf(BZ/p+) and by an easy spectral

sequence argument we see tzt(aiBif‘T) *.05 thaus a18][+lcannot be

in the image of -ne.
So for s=1,..,p-1 we have found an element Esé n;n_l(BZ/p2+)
(n=sp+p-1) with h(is) e in Kl(BZ/pz). Secause ES is of order p

the Toda bracket <§S,p,al> is defined. le have h(<is,p,a]>)=h(28).
Proceeding in this way we come into the range where we can apply

(6.1). Thus we have proved:

Theorem 6.18: Let n # 0 (p). Then the image of the Hurewicz map

hz ﬂs

» : 2
zn_](BZ/pz ) s R (BT RS

is 2/p%2 @ 2z/p if n=t(p-1)+s with se{l,..,p-1} and

t>s and 2/p? if t<s.

Remark:

Using (6.17) and the computation of ni(PmC)(p) fior: 'm < d4in B? it

is possible to work out vf(BZ/pk) for k22 in the same range. The
case WE(BZ/p) can be handled by using instead of (6.17) the cofibre

+ +
sequence of the transfer map SI,P € .— B2/p. .

oo
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§ 7 Some James numbers.

In this chapter we are concerned with the computation of some
James numbers U(n,k), which describe the minimal degree of
2n-1

a composition mof, where T: wn g S is the projection
’

of the Stiefel manifold to the sphere and sZn—l

—_ .wn,k a
map. We consider stable James numbers U(n,k) which describe

the corresponding stable problem for stunted projective spaces.
The numbers U(n,k) are the same as the ﬁ(n,k) in :the stable
range. There is a conjecture that the numbers U(n,k) are deter-
mined by K-theory, that is U(n,k)(p)= UA(n,k) where UA(n,k)

is defined in the same way as U(n,k) wusing algebraic K-theory
A, instead of stable homotopy. Using properties of transfer maps,
we verify this conjecture for n=],2,k-2,k-1,k+2 and in the case

where n 1is divisible by a large power of p. By periodicity this

determines some of the numbers U(n,k).

The numbers U(n,k) are closely related to the values of the
transfer maps £ on Fowf(PkaH). This allows us to show that ‘
the elements v in the 2-component of n?(So) are in the image

of t° for s=2 and s=-2 .

This chapter should be viewed only as a first attempt at the
problem of computing U(n,k) . This study is continued in [12},
where it is shown that U(n,k) for ocn<k is determined by

K-theory.
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Let Wn denote the complex Stiefel manifold U(n)/U(n-k) .

o K

We then have a fibration

wn-l,k-l wn,k i wn,l (7.1)
inducing an exact sequence in homotopy
] (W ) s (W ) P q (SZn—l)
2n-1""n-1,k-1 2n-1 2 nk “Ldn=l

The James number U(n,k) 1is defined to be the index of

2n-1 ~

P*"Zn-l(wn,k) in “Zn-l(s ) z .

The numbers TU(n,k) have the following properties (see [18] or
[19] where also a table of U(n,3) is given) :
1. U(n,k) is a multiple of U(n,m) if m<k (7.2}

2. U(n,k)-0fm, k) is a multiple of U(n+m,k)

3. If U(n,k) = 1 and m»2k-1 then U(m,k) = U(n+m,k)
4., U(n,k) =1 iff n is a multiple of M
where Mk is the order of J(H) in J(Pk_lc)
Because p,6: H (w ) — H (SZn-l) is onto, the
25 ke T ank e 3 - | '

commutative diagram

P roen=]
i i LS B Wyt )
f
(7..3)
i ,
Pa X Ve 2n"1
HZn(wn,k) PRl L )

allows us to interpret U(n,k) as a property of the Hurewicz map.
The numbers U(n,k) are related to several interesting geometric

problems.
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4

| Using the reflection map w: SP__,C ———» U(n), 1in the stable }

range the fibre sequence (7.1) can be compared with the cofibre

sequence of stunted projective spaces

P c/P > P c/P C — S (7..4)

BT T AR

We therefore define U(n,k) to be the index of

S

s s 2n-2
p*"Zn—Z(Pmmlpn-k—lc) < 1T2n-2(s )

. This number is the same

s 5
as the order of the cokernel of h(“zn-Z(ch/Pn—k—lc)) in

HZn-Z(Pmc/Pn-k—lc) . Because the pair (wn,k’SPn—IC/Pn-k-lc) is
4(n-k)+ 3 connected (see e.g. [18]) we have
U(n,k) = U(n,k) for n>2k-1 £4.5)
LPECRRIE wz_l(Pn_IG/Pn_l_kC) for ic4(n-k) (7.6)
In any case, there is a map 0 (see [lo], 2 in [7])
0: m (W ) — nf_l(Pn_lc/Pn_k_lc) (7.7)

so U(n,k) 1is always a multiple of U(n,k).

The map © factorizes through the stable homotopy groups of W

n,k
so we get a commutative diagram
s P. ] 2n-1
Son-1 Vg ¢’ 3 Moy (5 )
) [ ] w, } (7.8)
P. _S 21=2
"2n-2(Pn-lC/Pn-l-kC)_#'WZn—Z(S )

Thus we can interpret U(n,k) as a sort of stable James number.
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Remark:

If we work at a fixed prime p then theorem 3.2 of [19] allows
us to extend the range where (7.6) is true to i<2p(n-k+l1)-4
and

ﬁ(n,k)(p) = U(n,k)(p) for nxk-1+k/(p-1) (:7.399

The numbers U(n,k) depend only on the S-type of Pn_f/Pn_k_f
so we can use periodicity of stunted projective spaces to define

U{n,k) for all . meZ  and "~k307,

The numbers U(n,k) have several other interpretations; an
important one is the following: By S-duality U(n,k) is the order

of the cokernel of

-nH

o =0
o m "
h: s(Pk_lc ) — H (Pk_lG 3 2) (7din)
: o -nH . - :
Let 1i: S —— Pk-lc denote the inclusion of the fibre, then
the commutative diagram
2% (P C-nﬁ) i "o(so)
i s
Frihy ,
l i
ﬁo(P C—nH) = HO(SO)
k-1
shows, that U(n,k) measures the extent to which -nH fails to

be orientable for stable homotopy. More generally, for an orientable
vector bundle ¢ over a connected space X, we define the codegree

; O, B 3 202 B %
of ¢ cd(g) to be the index of h"s(x Yo dns H {XSu@) = o

Thus U(n,k) = cd(-nH ) where H,_,denotes the Hopf bundle over

k=1

k=1

It is well known that cd(§) =1 <> J(&) 0 , even
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p-locally vp(cd(g)) =0 - vp\J(g)\ =0 .
So cd(g) and |J(g)| contain the same primes, but in general
with different exponents. Whereas [J(-g)| = |J()] we have

in general cd(£) # cd(-£).

The interpretation of U(n,k) as a codegree allows simple proofs
for the properties of the numbers U(n,k) which we collect in the

following proposition:

Proposition 7.11: aY 1. U(n,k)::d¢ & wultiple of U(n,m) if m k

2. U(n,k)-U(m,k) 1is a multiple of U(n+m, k)

3o Udngk) = U(n+r-Mk,k)
4o Ungk) &= Loaiff nois amaltiple of
= | |
Mk £J(Hk_l)!

b) The statements under a) are true p-locally,
that is one considers only the powers of a

fixed prime in U(i,j) . In 3. and 4. we can

use instead of Mk the p-primary part of Mp.
Proof:
; 3 : =nH -nH
1. Follows by diagram chasing using the map Pm_]c ) Pk—lc 5
250 Cm, %) times the Thom class U of —mHk_l comes from stable

cohomotopy, say h(y) = U(m,k)U. Then multiplication by y defines

a map ¢‘ in the commutative diagram
o -nH ¢ o -(n+m)H
1 : :
Wl S E N L w (P € )
j cd (-nH) cd(-(n+m)H)
, - cd(-mH) ~ -(n+m)H
HO(Pk_IC nH) Ser-mu) Ho(Pk~1€ (n+m) )

which proves 2.
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3. Because r«Mk'Hk_l ig J travial -and s n?-orientable we

have a Thom isomorphism

o o -(n+r.-MK)-H
L S LNt )

this proves 3.

4. follows from the equivalence of the notions of ﬂ$~orientability

and J-triviality for a vector bundle
The p-primary versions of the proofs of 1. - 4. prove b)
The p-localization of SPnC/Pn_kc splits up into a wedge of (p-1)

spaces Xi, where each Xi has cells only in dimensions differing

by 2(p~1) (for a proof see [30]). This immediately implies

Propositon 7.12: U(n,k)(p) = U(n,k+l)(p) if -k ¥ 0(p=1)

or what is the same U(n,l+r+t(p-1)) 18

(p)
constant and equals U(n,1+t(p—l))(p) as

long .as osr<p-1-,

Remark:

By the splitting of Wn K [30] the same is true for the James
’

numbers ﬁ(n,k)(p) .

c/P

S .
Vo g aci el v igly . dn

The number U(n,k) 1is the index of h

LPRPE e L e

‘ s
A2n-2(Pn—lc/Pn-|-kc) instead of m (P

€) . We define a number UA(n,k) by using

c/Pp C) i Clearly

n-1 n=1l=-k

U(n,k)(p) is a multiple of UA(n,k) . It 18 a conjecture that
U(n,k)(p) is actually the same as UA(n,k) (using the right theory
for p=2). This can also be stated in the form that K-theory

detects the attaching maps for PnﬂkaG(stably).



..88..

Equivalent to the conjecture U(n,k) = J . (n,K) .are the state-
(p) A

ments that the K-theory Hurewicz map

Boghon
het Xonaa Po g€/ 18— K By O1P L 1 (o)
s ;
maps wzn_z(Pn_]C/Pn_]_km) onto a direct summand, or that

. s .
hy: a (RGP, (B By o B IR i)

A* Tan-2'"a-1

is onto.

By looking at the diagram of exact sequences

9
s In=2 ™ s
SRR TR L e T e IR L R
J hy I ¢
Sa~3: AR :

Bl GBIP L SO o Byl 1S ) — Ay (P OB O
we see the connection between the statements "hA is onto" and
|a“(1)| = |e3ﬂ(l)| :
We have UA(n,k) = |8A(l)[ and either
coker hA: Azn(PnG/PkG) , ~---Hz“(Pnd!/Pk(lZ) or aA(l) can be

calculated using K-theory (see below). These numbers express the
K-theory restrictions forthe existence of a stable gq-section f of

b sZn

n
PnC/PkC =5

. that is for an S-map f: Sz-—w Pnc/Pkc with
mf of degree q . These restrictions have been found and considered

by several authors, e.g. [44], [27], [16].

UA(n,k) can be calculated as follows (p%*2): First we construct
n
a generator of Azn(PnC/PkG)cxo(PnclPkc) . The element b, eKo(PnE)

lies in ker(cwk-kn). therefore pru(bT)c KO(PQ/PQ) too. But




P, (by) = F US(n, ) il-b, (7:13)
j=k+l J

can be divided by the greatest commovn divisor r of the numbers

S{ns3)3Y - So prf(b?)/r generates Azn(PHC/PkG). Because

n = ! ) 3 ] 1] = i, -
hA(bl) n.[PnC] we find vp(n./a) vp(UA(n+l,n 1K) i o
| n=4
3,(1) = — } o 8tayiYit e, (k4
A nt Skt | J

in AZn_l(Pn_lc/Pkc) ¥ AZn(Pn_Im/PkC;Q/Z)CKO(Pn_]m/PkC;Q/Z)

It is known that

P[Eéi]' S(n+k,n)n! 7 715
(n+k)! “(p) (7.13)
therefore we have
Proposition 7163 vp UA(n,k) £ [%;%] for an odd prime p

The interpretation of U(n,k) as a codegree leads to a second
possibility of calculating UA(n,k):
Let £ be a complex vector bundle on a connected finite CW-complex X.

we denote by UK and UH the Thom classes of £ in K-theory or

homology, then it is well known that

chU, = T(§)uv U

K H

where T(L) = (ec1(L)-])/c](L) for a line bundle L.

So ch-lU = (ch_-l

" T-l(g))\JUK in - K°(X:iQ). FE meU. . lies in the

H

image of the Hurewicz map h (or hA) s then because h factors over

K-theory via ch, the class mUH must be in ch(KO(X)). This means the

= = . ; : ; )
class m*ch 'T () must be integral, that is in the image of

K2Ex) = 57 (x;0Q).
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For a line bundle L we have ch~]T~I(L) = ch_l(c](L)/(ec‘(L)—l))
Inx+1)/x. “wheret x> =L =13 S Eh T, X = Pn—lc and § = kH
-1 =] In(x+1) . n
it o R - vl
ch T (Ldn_l) ( 5 ) /x o (7103
and the denominators of this polynomial must divide
nd(kﬂn_l) = Ul-kgn) ,; azwell known condiftion on: Ulz-k,nd.
o .rx
For - .p+2 AO(Pq_,mkh) is torsion free and so.a generator 2z of
this group gives 1in kO(Pn_lmk”) an integral class Z which is mapped
by the chern character onto ;tUA(—k,n)‘UH . This implies that the
maximal denominator in (7.17) is exactly UA(—k,n).
Using:this ‘3t 1Ls “easy to prove
Proposition 7.18: The eC—invariant of the stable map
- 1 . : .
Trc T ](P mr{) inducing the transfer tT  is

s n-i

1

: r-
s ot 2 l_{ In(x+1) b n__ vUg
given by em(r ) = T (f——;———q I} /x =o0

. g o o0/
in K (In_lm,z/d).

A proof can also be deduced by the method of [24].

This formula also allows to compute the transfer map

)
2n+1

€y s P €Ty a
2n oo

(xh)

from Adams filtration O to | by generalizing (4.3) in the obvious

way.

The trick used in f47} allows us to find out for which values of

n and k the numbers U\(n,k) take their maximal value:

p-t

Let & be a (p-1)-th root of p , that 1s g p, then the

denominators of




In(x-E+1)/x.¢ =

dosnot. contain:p

Al If we write

In(x+1l) %
(Aateet))

\-n

fOT ne#

(1n(x+l)
oo

t

e

we have proved p[p-]].a(n+t,n)el and p[p-l].b(n+t,n)<z
(p)

This proves (7.16).

In(x&E+1)/xE

The series

of degree p-1:

In(xg+1)/xE =

Ve .44 + + X
5 N

rt o

t oS

_9]_

DA

Therefore the same is true for (1n(x£+l)/x£)n

a(n+t,n)xt

(ny0)

b(n+t,n)xt

t
(p)

reduced mod p is simply the polynominal

2

e %5 ph (5%) PR et

The binomial theorem then gives the mod p-value of

k

proa(arki(p—1),n) and

k

p +a(n+k(p-1),n)

(1) %5 b (a+k(p=1) ,n)

From this 1t follows:

Proposation 7202  +ny0

UA(n,k(p—l)+l) =p

U, (-n,k(p=1)+1) = p

pX b (n+k(p-1),n):

= (E) mod p

= (n-;+k) mod p
L & (EY) Son)
e (D £ 0(p)

(7

19)
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Remarks

15

1

Similarly one can derive formulas for the mod p2 value of

a(n+t,n) and so find conditions for UA(n,k(p-l)+l)=pk-l.

Another possibility to compute UA(n,r) in some cases is to
compute the mod p value of S(n,k) (see (7.14)). 1If
S(m,m-t(p-1)) # O(p) one gets UA(m+l,t(p-I)+l) = m!/(m-t(p-1))!
In some cases it is possible (see below) to deduce a closed

formula for UA(n,k), but in general this seems to be rather hard.

The splitting principle of [46] or calculations with the Chern

character imply that for every complex vector bundle £ on a

n
2n-dimensional CW-complex X the number p[p-l] is an upper
bound for the index of hA: Ko(Xg) ———>ﬁ°(x5;2). At present

no example seems to be known, where c¢d(g) 1is larger than
n
p[p—l] (p#2).

Let f be an element in Qrx1/(x") with £(0) = 1.

We call the minimal positive number m with m~f€2[x]/(xk) the
additive order of f and the minimal number k with f%ezrxl/(x“)
the multiplicative order of f. For f = (ln(x+1)/x)Y the multi-
plicative order of f 1is |J(an)| and the additive order is
UA(—r,n+l). Some eiementary manipulations with the polynomial f
show' that in case of  f = (1n(x+l)/x)r the multiplicative order
of f is always a multiple of the additive order. It would be
interesting to know under what conditions on X IJ(£)| is always
a multiple of cd(g) (see also(7.25)). At present it is only

knownthat both numbers contain the same set of primes.

In cases where UA(n,k) = U(n,k) (7.16) shows that

(p)’
lJ(nHk_l)l can be much larger than cd (-nH

k=10



_93_

Before we start with the proofs that UA(n,k) = U(n,k)(p) for

certain values of n, we discuss shortly the special case p=2.

Let AR*( ) be the cohomology theory defined by using real
K-theory and w3—l in the same way as A" is defined by complex

K-theory; see [36] . Then we can define numbers UAR(n,k) by

e e o -nH ~0
UAR(n,k) = index of hAR‘ AR (Pk_,c )— H

-nH
Fenqt =
We still have the corresponding numbers UA(n,k), defined by complex

K-theory for p=2. The numbers UA(n,k) for p=2 can be computed

in the same way as UA(n,k) for p#¥2.

Proposition 7.21: Let r be odd, then R(r,m) = UA(r,m) unless

a

m=3(4) and UA(r,m+l)=2'UA(r,m); in this case we
have UAR(r,m)=2UA(r,m) = UAR(r,m+l)

1f..r is:even, then UAR(r,m) = UA(r,m) unless
m=2(4) and 8°UA(r,m)/UA(r,m+l) $ 0(2),

where we have (r,m) = ZUA(r,m) o

UAR

Proof: We use the commutative diagram

5 s 3
~ 0 =TH km 80 =rH gr=% =
MOPLEE T R RO (P67 0) 4
l ¥ | L c
~ k \ -
~o =xH C ~0 rH
C N
A (Pm_l ) > K (Pm_lC )
la
-6, -rfi
KO (P €Y
where kR’ kC are the maps of the defining long exact sequences

for AR and A, and the vertical sequence is part of the Bott sequence
relating real and complex K-theory.

The maps kR and ¢ are inclusions of direct summands as long as
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ﬁbo(Pm_lC_rH) and ﬁb—G(Pm_lm_rH) are free (modulo torsion in
Aﬁo(Pm_l —rH)). This is the case except when A) r = 1(2) and

- ws3{8) i  B) T 0(2) and m = 2(4) (for xo*(Pnc) see [14l).

In the other cases cA(Kko(Pm_IG-rH)) must be a direct summand
in A°(P —rH) 2 2 or what is the same: ¢, must be onto.

m- 1
Let's first treat A):

In the following commutative diagram

g -ri e o -ril
AR (P3+45€ ) ——> AR (P2+4SC ) —> AR85+5 0
lCL lc,.z_ l
~o -ril in w0 -rii =
AP ) AR ) A T 1)
jAR and c, must be onto. The map jA is multiplication by

a = UA(r,4s+4)/UA(g45+3). So the index of c, must be a too. This

completes the case r odd.

—Zrﬁ

In case B) the problem is the torsion group Z in ﬁbo(P4k+l¢ )

2

= KOO(P4 ). Because this subgroup comes from a sphere,it is in

we1 ¥

the kernel of ¢3-l) but it may happen that 223 im (w3—]). In this

1
case it could be that UAR(Zr,4k+2) = ZUA(Zr,4k+2). By a we denote

A it ~~
the elements in KOO(PjC 2rH) which correspond under the Thom

isomorphism to the generators (r(H)-Z)1 of KOO(PjC) . The torsion

group of ﬁbo(P4k+l¢_2rH) is then generated by a2k+]. It is easy

to see that UA(Zr,4k+2) = UA(Zr,4k+l) = UAR(Zr,4k+1). Let x be the
; ~ 0 -2ri ~ o -2riH

generator of the image of km. AR (Pékc ) = K0~(P4kE ¥

We consider x also as an element of Ebo(P4k+iC-2rH) by using the

% ; : i o 2
same linear combination of a as the one defining x 1n

£~ 0 -2rH
KO (P4kC i Jg )
If (¢3‘1) % scatttlogn EB(P4k+]€—2rH) (because (¢3—l)a2k+l= 0
this does not depend on the choice of the lifting of x from
-2rH -2ri
PG to P4k+lm ) then
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UAR(Zr,4k+2) = ZUAR(2r,4k+l) = 2UA(2r,4k+2); otherwise

UAR(Zr,4k+2) = UA(Zr,4k+2).
-2rf ~, 0 -2rH

— . A 0
Let X be the generator of im (km. AR (P4k+2C ) = KO (P4k+2¢ ))
and ¥ UA(2r,4k+2), $,= UA(Zr,4k+3) . Then
% = (s, ./8y)+x * bca2k+|
2 I
X s = o +
208" (v -13% = 0 idn Ro°(2,, ,,¢C 2xHy pecause  (holdat e
(34k+2—l)a2k+l we have

(w3-l)x = 8(sl/sz)b'~ a2k+l

If V2(52)>v2(s]) then b and b' are not divisible by 2. By

restricting to k6°(P4k+lc’2’“) we see that |

UAR(2r,4k+2) = ZUA(Zr,4k+2) iff 852/5l 3 0(2) .

Remark:

The examples suggest that 8UA(2r,4k+3)/UA(2r,4k+2) # 0(2) never

happens.

In [44] G. Walker has shown the equation |a"(1)| |e a"(1)| -~
to be true for p odd and ks(p-l)(pz—p+l) (with some
restrictions on n because he worked with Wn k) , and so he

’

has verified the conjecture U(n,k) = UA(n,k) in this

range.

We can easily reprove this: one gets nearly the same range.of
validy for UA(n,k) = U(n,k)(p) from (4.5) applied to

P C/Pn_l_kc . Namely as long as kg(p-l)(pz-p) the Hurewicz



s

hA: "2n-2

(Pn-lC/Pn—l-kc) 4 AZn-Z(Pn-lc/Pn-l-kc)

must be onto, so UA(n,k) = U(n,k)(p) for kS(P‘l)(PZ'P) .

By calculating the Atiyah-Hirzebruch spectral sequence for
C*(Pnc/Pkm) (see § 6) one can push the bound on k higher; without
difficulty one gets the range ks(p-l)(2p2-2p+l) « For p=2:' the
equation UAR(n,k) = U(n,k)(z) is true for k<8 by the results

of H31E

Beyond those values of k, the equality UA(n,k) = U(n,k)(p) is
known for n=k and n=k+l because
n;n(Pm«rf) S5 A (P £) and n;n(chH) ——»Azn(Pmﬂ:H) are onto
( U(n,n) = (n-1)! and U(n+l,n) = n! ). This indicates that TL
may be simpler to look first at those values of n for which (n,k)
is not in the range where U(n,k) = U(n,k) and then deduce regults

on U(n,k) using periodicity.
We turn back to the interpretation of U(n,k) as a codegree

Theorem 7.22: If E 1is an n-dimensional vector bundle over a

twofold suspension SZX, then the codegree of E
is determined by K-theory, that is

byt n‘s‘(M(E“)) i ASLHLE™)) is onto

—~

Proof: We write E for E-n. It is well known that for bundles
over supension spaces the inclusion of the fibre s® —»M(E) is

part of the following cofibre sequence

NPT QR TR PN S, T R TR ) P T ¢71:23)

where g is the image of E under the J-homomorphism

2

(X) — ﬂ;l(X) . We get the following commutative diagram

g2 kb_



() B w207 o sgu(R)) (7.24)

I . | i

A8 <

ACM(E)) i A T X)
\
|

The J-homomorphism 4 KO-Z(X) — n;l(x) can be factored through
a map j: &y ﬂ;l(X)(p) and in [43] it is proved that ej
is bijective for odd primes. Because g*(1) = g 1lies in the image

of J. e must preserve the order of g*(l1) , that is

b)
lg*(1)] = |e g™(1)]

But then hA must be onto.

Remark: For p=2 (7.22) remains true with A, replaced by the theory

AR, (AR L) = im(J) + e and nur-elements). We omit the proof.

Corollary 7.25: Let E be a vector bundle over a twofold suspension
SZX , then the Hurewicz map
wz(M(E)) _— ﬁn(M(E);z(p)) has cokernel of
order |J(E)[(p) where J(E) 1is the class of E

A 2
S =X .
e ¢ )(p)
As a first application of (7.22) we get

Corollary 7.26: Let r+l»m and s=o (M then

r+l)(p)
U,(s,r+m+1) = U(s,r+m+l)(p) = |J(er+m)|(p)

Proof: We consider the following cofibre sequence

i P
Prm s, Pr+mc L Pr+mc/Prc

If r+lym then P C/P_C 1is a double suspension say
42 R

Pr+mC/PrC = szx . Choose s such that s-H is fibre homotopy trivial



on PrC, that is s=0 (Mr+l)(p)' Because the the squence of J-groups

0 J(Pr+mC/PrC)(p)———> J(P_ ¢)(p) -—>J(Pr¢:)(p)__, 0

+m

is exact, we can find a vector bundle £ on SZX with

J(p¥Eg) = J(sH)
We then have the following cofibre sequence of Thom spaces

BRSO PN DR A _—es'APrc BRI L o T

and therefore

POM-E) s i (M(-si)) s "2 (P_€)

| » 1 |

om-E) ek, Pmesl) — 0.0

The map hA is onto by (7.17) and M(p), is onto because Zo(PrC)-O,
s0 ﬂz(M(-sﬁ)) —_— KO(M(-sﬁ)) must be onto.

Therefore UA(s,r+l+m) = U(s,r+l+m)(p) = Cd(_SHr+m)(p) and by (7.20)
this is |J(er+m)|(p) .

With some more work the result carries over to the case p=2.

Remarks:

1. (7.26) is a generalization of a result of James [19], where he
considers the situation m=1.
2. Because the codegree of bundles induced from a twofold suspension

is the same as a J-order,it changes in the same manner if we look

at multiples of such bundles, that is

cd (£%(£)) ot
(k , cd(£*(£)) )

cd(k-£f¥(g)) =

IR O 0 NI o, e
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where (a,b) denotes the greatest common divisor of a and b. By
looking at examples of U(n,m) and U(r-n,m) one sees that not all

(in fact very few) multiples of H are induced from a suspension.

In using (7.22) one does not really need that the bundle in considera-
tion is induced from a suspension, only that the Thom space is S-equi-
valent to the Thom space of such a bundle. This is the case in the

next two applications:

Theorem 7.28: For all n we have

U(1,a%l1) = U _(1;n+l) = NP .a
A
p22

where a =2 if n=2 (4) and a =1 if n$2 (4).

Proof: We look at the cofibre sequence of the Sl-transfer map 1t (§2):

So e PnC-H R San_IC+ re, Aol S‘ e (7. 20)

e (35), v man i A ) e RO (B ) RN ) de
Bott periodicity. Therefore we have a second cofibre sequence inducing
o o 2 + T 1

s® —— M(B(-H)) —> S SR §° — (7.30)

~

We map (7.29) into (7.30) and get some map PnC_H-—e M(B(-H)) which
is a stable homotopy equivalence because the induced map in homology
is an isomorphism.

+

So. U(lsn+tl) = x| = le(t)| = UA(l,n+l) where TGﬂ;an_IE ). The

e-invariant of 1 is computed in [24] and is given by

PR R ok (7.31)

1
€l3) ¥ x log(x+1)

in K 2(p_C;0/2) % @/ [x] .
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Up to a dimension shift the denominators in e(tr) are the

same as the denominators in x/log(x+1) . Because (t) 2 0(p)

for all k it follows from (7.19) that the coefficient of xt(p-l)
t

in x/log(x+1) has denominator exactly p . The extra factor

for: i p=2 - folléows From (7.21).

Theorem 7.32:  "For all n:we have U(2,n)(p) = UA(Z,n).
Proof: The stable map ¥ representing the transfer t-] is an
element in n;](PnC—H) . We look at the exact sequence induced
by the cofibre sequencekof t°:
9 1

o 0 T Sl & IR BB e X TN ot

Mg (87) e 7 (ln@‘ ) &=— , O (Pn_,C ) e P €D
By (2.22) we know that there is an element of n;3(Pn_lC+) lying in

!
the image of the J-homomorphism which maps to Yy wunder j' . But the




b 6 1 0 oo

behaviour of t° on n'i(s°) can be determined using AR’ -theory

so |Y| = |e(y)| even at the prime 2 . Then the cofibre sequence
of Yy in cohomotopy shows wg(PnC-ZH) — Ko(PnC—Zﬁ) to be onto
-28 : \

(for p=2 we use Kﬁo(PnC ) ).ip

There is also a close relation between the transfer maps et

und the numbers U(n,k): The transfer t’ induces a cofibre se-
quence

gy x o

s (=¥~1)}8: 1. =& wt < S5l s o
"0 P Pt TangBiatl o=k Tap g i8)
1 M =
j° induces a map from w> (P G( % l)H)/t:or to =w° (P £ rl:i)/t:or
2n o 2n~2 "«

which is multiplication by the number

a = U(n-r,n+1)/U(n-r,n)
or what is the same:
U(n-r,n+l) : -r ! s -ri
TR min {]|t (x)l xcnzn_z(PwC ) maps to a gfnerator

in nf(ch_rH)/tor}

If we look at the situation in K-theory, we simply have

i s . -

e,  (x)| = U, (n-r,n+1)/U, (n-r,n)
An application of this is
(&)

Proposition 7.33: U(n,n+1) = UA(n,n+l) = (n-1)! denominator ofln

Proof: We first prove that to(on)e im(J).

The map S3APnG —_ SIAPn+l¢ induced by restricting the H-space

multiplication map to SZxPnG and then applying the Hopf construction

n+l

(see §2) maps o" to o in wf(PmC+). The same map is used to con-

struct a generator u_  for (U), see [43]. This implies

1'2n~f'l
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n ; 2 . :
w,(0) = 1(un) in the commutative diagram

i s Wy s +
"2n+I(U) AL 2 “2n+l(U) —F wzn(PmC )
' o
s o
“2n+l(s )
Therefore t(on) e im(J).
s

For later use we remark that the map 6': () s ﬂ;n(P~¢+)

"2n+1
(see (3.2)) has the property eﬁw*= id (see [IO] or [ll]); the
equation i(un) = w¥(onf implies

n

E%tu ). # a (7.34)

The proof of (7.33) is finished by observing that,because to(on)eim(J).
we have Ie(to(on))Loncgim ji and [e(to(on))Fb?e im ji , thus FA
must be onto. The maps mentioned are from the diagram

5 ]

s H 3

- s + s
o,y Ao el ety —— vy (5)
h l i e
J A .!
A i e e P L e e

For p=2 one has to attend to the base point : nuuk[*] as well as

4k+1
o

4« has image nz-uk = element of order 2 in im(J) under the

o
transfer t .

Proposition 7.3%: U(n-2,n) = UA(n-Z,n)

(p)

1+v2(4k!) i=0,1i=1
e.g. vz(U(4k+i-l,4k+i+l)) =
2+v2(4k!) i=2,1i=3

Proof: We first construct elements in n;n(PmC_ﬁ) which are mapped
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into im(J) under the‘transfer t—l.

It is well known that one can include the J-homomorphism in the follo-

wing exact sequence

s o ap A 5 s,.0
where 02P jis the bordism group of closed smooth almost parallelizable

manifolds.

In [13] it is shown that one can map this sequence to the cofibre
sequence of the bistable J-homomorphism to get a commutative diagram,
of which we state the complex analogue:

s o U,al A J
oY e MR e v () Sl me (5°%) (7.37)

| I I |

. aes —+n§+l(M(—idU))-—> nz(U) iy “:(SO)

Tk+1
“ l 8 l y “
4 ~ 3
s o 1 s -H ] s + 8 ,.0

Here 6 is the map of (3.2) and ® is induced by 6 and idso. From

this diagram, (7.34) and (2.22) it follows that the set §Q4U9f1)

is mapped into im(J) by t—l. The rest of the proof is then as in

(7.33). From the known value of lto(on)! and (2.22) we get the expli-

cit formula.

As an application of (7.35) we show that the ur-family of Adams [ZJ
(which is not in im(to)) i 1n im(t-z) and can so be constructed via

transfer maps. For this we need (see also (7.18)):

Proposition 7.38: Let z=EM,¢,f] be an element in n;n(mekH) and

x=cl(f“H) then

ectk(z) = < % ((e:—l) k_lo, [M]> mod 2.
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Proof: The proof is a simple generalization of the proof for k=0.
Let £ be the complex line bundle £*(H) on M. Then the sphere bundle
S(E) represents tk(z). To compute eﬁtk(z) wé use the definition of
e via Todd-genus of a bounding manifold. We take as a bounding mani-
fold the disk-bundle D(£) and then have to compute the Kronecker
product

< Todd(y) , [D(E),s(&)] >
where y is the vector bundle on D(£)/S(g) got from the tangent bundle
of D(E) and the framing on S(£). The map j*: K°(D(£),S(&)) —K°(D(E))
maps y to the class of the tangent bundle of D(E£). Thus using the
difference construction in K-theory we can write

y= d((1-k)E,€%;¢ )

But ¢ 1is constructed universally, so we can compute this on P_C€ where
X

j* is injective. There the class with i*U = (1-k)H is (1-k)-times

the standard K-theory Thom class U(H) so
y = (1-k)+U(E)

If ¢ is the Thom isomorphism of £ ,then

thk(z) < Todd(y), [D(£),s(&)] >
k

<

(Todd(u(e)) ' ™*-1y, [M] >

-
G D

Theorem 7239 > Let 2 en;k(PmE—ZH)(z) be an element which maps to a
" s -2H
generator in "8k(Pwm )/tor, then

-2 1
eCt (z) = 2 mod 2(2)

3

that is t-z(z) mod F~.

S (o]
M € Mg (5 (2

Proof: Denote by ¢ the Thom isomorphism of -2H, then by (7.35) an

element z, which maps to a generator in wgk(PoC-ZH)/tor has Hurewicz
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image h(z) = (Ak)!Zv[PAkC] (mod odd primes)
We have to calculate ( x-cl(H))
St L) = 4K124% -_léi__ [Py 0] mod , 2
b o) z . (ex—l)3 s 4Lk % (2)

If we write x/(e*-1) = (1-x/2+a), then a contains only elements of

even degree and we get

r = 4k!'2 - term of degree (4k+1) in (l-x/2+a)3

2
= 4k¥2-3-(a-a /2)(4k)

2

a(4k) mod Z

4k!

e

(2)
The proof is finished by using the following lemma:

2k-1

4k 1
Lemma 7.40: T = izl (i1 i33 B0y "2 % %)
PR & ho2 1
Proof: r = 2,'21 (Zi)'BZi'B4k-Zi (ZR)’BZk . Because By, =3
: A k-1
4k T | ol

mod Z(Z) , we get 1 = 75 iZ] Zi) + 9 [Zk-l) o BAE

4k-1 4k

Lr = Z (&ﬁ) = Z (4:)- 2 = 24k-2 mod 4,
i=1 i=0
s L omodi2

so r = 5 mo (2)°

Remarks:

1. An element z as above can be characterized as follows: It suffices
to know h(z) is divisible by 4k!2 and not by any number with
larger 2 primary factor, or to be more explicit, there exists a
manifold M8k with a complex line bundle g such that the stable
tangent bundle of M is isomorphic to 2g and such that

ce ()", [M]> = a-2-4K!

with a$0 (2). For all such manifolds we have : S(g) with the
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induced framing represents My mod Adams filtration 3.
2. One can choose an 2z such that t_z(z) is determined up to

o

noﬂgk(so) +v»n;k_2(s ). It should be possible to define an element

z such that t-z(z) = M-
3. In course of the calculation of ect_z(z) we have seen that the
only odd term in x/(e*-1) 1is closely related to the ur-family.

4., One can show that ur¢ im(tk) with k odd.

In (7.39) we have seen that one needs to know the numbers U(n,s) in
order to compute the transfer tk from filtration O to filtratiom 1.
One can now, of course, ask if every element xe.ﬂ:(so) lies in im(tk)
for some k (depending opon k). For the odd primes no counterexample
seems to be known. For p=2 we have already:

For no k is o ew;(s°)(2) in im(tk).
This is proved by computing the relevant U(n,m). By periodicity these

are only finitely many cases to check (see table 1).

We turn now to U(n+i,n) with i32.

Proposition 7.41: U(n+2,n) = UA(n+2,n) (p odd)

(p)
U(n+2,n)(2) = UAR(n+2,n) (ng0 (4))

v ((n+1)!)~-1 if n=0 (p-1)
e.g. v _(U(n+2,n)) = { P (p odd)
4 v, ((a+1)1) if ng0 (p-1)

Proof: Using the transfer sequence

2H £

L H o x o fy H
B, (B €Y) — b, S(Be) 2 & (80) 2 K (B e

we see ker(iy) = Z/p 1iff n=0 (p-1), because the order of
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< l1+v_(n) S e H ~ : vy (n)
i, /p p Jican A, o AP C) ¥ A, +1 (B L) is p'P by (1.14).

This gives UA(n+2,n) = UA(n+2,n)/p if n=0 (p-1) and UA(n+2,n)=

UA(n+2,n) if n#0 (p-1). The following diagram shows that it suffices

to prove that ate'"ZC(p-l)—l(so)(p) is in im(tz).

s H s 2H t ] o
1 Jh l e
- H ~ 2H ~ o
For this we need a generalization of (3.3):
The generalized J-homomorphism (see e.g. [40])
2n
Taik. TG )| Wit

is defined as follows: we look at Wn k 2% the space of norm-preserving
’

. n .
maps from mk into € , so we get an evaluation map

SZk-lx S2n-|

S o

to which the Hopf construction is applied. As in the case n=k we get

J and stable versions e.g.
n,k
s o
> Tiskda it}

The results of [10],[7] show that the following diagram commutes

(d=n-k):

Jn k 2n

(W) s o (ST) (7.42)

m Nk

R

6
S o
Voiago gt B s ¥ 04f8 )

There is a commutative diagram due to James which allows one to inter-

pret J_ via boundary maps (see [33], [18] K



n,k 2n
m (wn’k) - nm+2k(S )
| I's
3 24-1
m (U)/U(K)xU(d) ) s (S )
where q 1is the projection of Wn k to the Grassmann manifold
3

U(n)/U(k)xU(d). We fix d=n-k and let k tend to = to get

nm(U/U(d)) e ) (7.43)

iy, Ts

n (BU(d)) Bl o

Because BU(1) =~ K(Z,2) we see that for d=2 2 is onto. Clearly q,
is onto. It is known [IS] that o, has S3 as sphere of origin, so
a, 11 fts to nm(U/U(Z)) and so to an element in w;(PmCZﬁ) which
maps to a. under t2. This proves (7.41).

For p=2 the same argument applies using [28], except when n=0 (4)
because the sphere of origin for the element of order 2 in

im(J)c.ngk_l(So)(z) is not SB.

Because 53 is the sphere: of origin for the ur-family we get:

Corollary 7.44: e im(tz) for7all“~k.

My

Using the splitting of the p-localizations of Lie groups [30], one
can use the same sort of argument to prove

U(n+i,n)(p) = UA(n+i,n) O<igp (7.45)

It is even possible to use (7.42) and (7.43) to deduce some results
about instable homotopy groups in a simple manner:

Because of (7.42) and (7.43) im(tz) is an upper bound for the image
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~1o8~

S

2 3
of the suspension map nm_l(S )it "m-A(S R

1
X #im(tz) and therefore

s
m-4

o

X e (s

In the metastable range, we can put the

the diagrams (7.42) and (7.43) to get

o

s XD for X an;(so), then one can show that

) t apx # 0 implies x¢im(a (57 — x3_,(s))

complex reflection map into

d
s t 2 s o
ﬂm—l(PwC/Pd-lc) T nm-Zd(S )
) ? L Wy 4
Jd s ! o
m (U/U(d)) 8
o 5
> 3 2d-1
nm(BU(d)) R m—l(s )
3 d " d i
We always have eca 61m(ect ) ,whereas eca‘blm(emt ) “injthe

metastable case ( n<4d)). So if we know

compute the e-invariant of the following

Given an d-dimensional complex vector bundle

U(m,m-d) , m=(m+1)/2, we can
obstruction class:

£ on Sm, we can look at

the obstruction to the existence of a section, which is an element

e S N

s(E) e HT(S™;m
m-1

m-1 )>

The information U\(i,j) = U(i,]j)
IS

for a fixed pair

. d
then ec( d(E) ) €im ect 5

(i,j) i.n the

metastable range can be used to construct infinite families of elements

em’d in n2d+2m(U(d)) as follows:
If U(d+m+1,m+1) = UA(d+m+l,m+1) we
hA: "im (Pmmdﬁ) ey Azm(Pmmdﬁ) is onto
Xm,q such that hA(xm,d) -generates A
Let "‘iv: Pmﬁd“ Pmc(d+l)n be the map
get a family of elements x = mt(x

m,d+t

A2

m,d

know that

and we can chooge an element
dH

m(PmC )it ox .

of (2:+18):" Fxrom X we

d
2
(d+t)H

) in m, (P_C ) (t%0).
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We set

em 2 = 3w*(xm’r) € "2m+2r(U(r))

for rrd Jjwhere ‘d:im (U/u(r)) -» (U(r)) is the boundary map.

2m+2r+1 2m+2r

The exact sequence

Binewagihat) v A aeu g (PLEIR, 8) o Ag gy (N
shows, that the order of em(e(em d)) is a = (m+d)!/U(m+d+1,m+1).
bl

The commutative diagram (r = d+t)
A (B e cdﬁ) —> A (P 8)
“2m+2d" = 2m' : 2m+2d-1""d-1
! i
Wy lﬂ wx\} l l
A P Q) i mrﬁ) iy A (g
2m+2r( o M 2m = 2m+2r=-1"" r~-1
then gives eC(e(em,d+t)) =gy
If t is large enough, the elements e 4+¢ Aare independent of the
’
choice of xm,d:
The reason for this is that if t is large enough wi kills all

a2 cd“) . This can be proved by using the Atiyah-
2m " @

Hirzebruch spectral sequence: The induced map wg in the Ez—term

torsion in'  m

is multiplication by at least p . So for every torsion element x,
there exist some t such that mi(x) = 0 in the Ez-term. This means
that w:(x) has a skeleton filtration which is strictly less than
the one of x. By repeating this, wf(x) = 0 follows.

Because the order of the torsion groups in n;m(PmCtH)(teZ) is

m+t . S
Y sadn wzm(PmG

bounded for m fixed, it follows that j, (o tﬁ) is
divisible in an unique way by some number ¢ which increases with
t(qk is the generator of n;k(ch)/tor and  j: P_C — me/Pk_IC

the natural map). This implies, that for t large enough, the order

of must be exactly a = (m+d)!/U(m+d+1,m+1).

em,d+t
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We close by mentioning the mainm results of [12], which show

UA(i,j) = U(i,j)p to be true in a large number of cases.

In (7.28) the abstruction class for lifting a generator of

$ : s -H %
12m(th)/COr to n2m+2(Pm€ ) was the transfer image of

m : 3 s
0 . Because this element was 1n T3 ), we could conclude

v -H -H : : e
that:: hs n2m+2(PmC ) — A2m+2(Pw¢ ) is onto. In [12] this 1s

gengralized as follows: The transfer of the sphere bundle r-H

appearing in the cofibre sequence (25:-11)

-rH s

-rH
() ) _—7ﬂ2m(P

e oES in ot s i) " (7.46)

ns P
2m4 2T T mEr m+7r

has the same property, namely Tr(om) is in the image of a J-homo-

morphism. This implies
U(r,m+r) = UA(r,m+r) for - allim,r»0

Closely related to cofibre sequence (7.46) is the following

cofibre sequence of projective spaces, (acZ,n,reN):

P CaH g caH L m(a+r)H j; SlP maH
r=] n+r n s |
r }
Let xe;n;n(PnE(a+r)u) be an element with the property |
”ax;n?(Pr_lQaH) in determined by its e-invariant" (7.47)
that is |3x|= |e?d x| . Then we know that ledx|+ x can be lifted
to nd (P maﬁ) . Suppose we have an element X in
2u%2r’ ntr
ﬁ;n(an(a+r)H) mapping to a generator of the free part of
(a+r)ﬁ ;
Azn(PnC ) with property (7.47) then we can conclude as above,
. Lt B all ; all ;
that hA. “2n+2r(Pn+rm ) — A2n+2r(Pn+r€ Y- iis ontod
Let M be the J-order of the Hopf bundle on PWC where w = max(n,r-1).

The we have a (in general non-commuting) diagram




=t

= .(a+r)H s 2 -
"‘(an‘ ) SRR Ty (Pr—]m )
1/ ;‘¢ (7.48)
: o ‘ |
nS(Pnc(a+r+J)H) Eiwwr "i(Pr_|¢(a+M)H)

defined by the relative Thom isomorphisms of M+H . It is then
possible to work out the deviation from commutativity for (7.48)
and to show that the element describing this deviation is in the
image of a J-homomorphism. In a large number of cases this implies,
that B f alx is determined by its e-invariant, the same is true

for 32¢x . This allows us to conclude in case of

)
(

UA( a+rtntl ,n+l) = UC atr+n+t] n+l) that

UA( atn+r+l + M+:s , n+r+l) = U (a+n+r+l + M-+s, n+r+l)

The element, which describes the deviation from commutativity
in (7.48) very often has a small order. This implies that
U(m+M.s, n+r+l) 1is constant as a function of s, which explains

for example some of the shorter periodicities in table 1.
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Table |

2-primary part of U(n,r)

=8 U(n,4)=U(n,3)

uai,

6)=4 period 32

U(5,7)=64 U(21,7)=64 U(29,7)=32 period 32

My=2  U(2,2)=I My=8 U(3,3)=2 M,
U(3,2)=2 U(4,3)=2
U(5,3)=8
U(6,3)=4
U(7,3)=4
U(8,3)=1
U(9,3)=8
U(10,3)=4
M_=64 u(5,5) =8 period 8
U(6,5) =8 U(14,5)=4 period 16
Uu(7,5) =8 U(15,5)=4 period 16
U(n-8,5)=8/(n,8) period 64
u(9,5) =16 y
U(10,5)=16 { :
U1, 5) =16 j period 8
U(12,5)=16
M6=64 U(6,6) =8 U(l4,6)=4 period 16
Uu(7,6) =16 U(15,6)=8 U(23,6)=16
U(n+8,6)=8/(n,8) period 64
U(9,6) =32 y
U(10,6) =16 | ;
UCIT,6) =32 [ period 8
U(12,6) =16
u(13,6) =16 U(21,6)=8 period 16
H7=128 u(7,7) =16 U(15,7)=8 period 16
U(n+8,7)=16/(n,16) period 128
Uu(9,7) =128 ;
U(l10,7) =64 !
U(l1,7) =64 { period 8
U(12,7) =16 J
v(13,7) =16
u(l4e,7) =4 U(22,7)=32 U(30,7)=16
U(46,7) =8 U(54,7)=32 U(62,7)=16
M8=128 U(n,8)=U0(n,7)
M9=2048 U{n,9) .94n<126

S U(i,9)=2

U(i,9)=2
U(i,9)=2
U(i,9)=2
U(i,9)=2

RN oo AN N e o)

i= 1 74ke16,. 0000 » 24+k
e 9ek-32,..,,16+k+32

u(38,
u(7o0,

+ 16

s 25+k»

7)=32

7)=32} period 64

(k;0)
32 7 (k20)

3 8B . s gA2: 1=50,59; i=80, ", ;967 i=122,123

i=61,..,64; i=124,125
i=60,126
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